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36. DOGRUSAL OLMAYAN FONKSiYONLARIN KOKLERI(SIFIR NOKTALARI)

Bir fonksiyonun koklerini bulma problemi matematikgilerden ¢ok uygulamali bilim dah
calisanlarinin; 6zellikle mekanik, elektrik ve elektronik mihendislerinin ilgi alanina girer.

Bir dediskenin, diyelim x, ylksek dereceden kuvvetlerini, tersini, logaritmik veya
trigonometrik terimlerini iceren f(x) fonksiyonuna dogrusal olmayan fonksiyon denir. f(x)
sadece x in pozitif kuvvetlerini iceriyorsa “polinom”, aksi halde “taransandant” fonksiyon
adi verilir. Ornekler: f(x)=3x-5 dogrusal bir fonksiyon, f(x)=5x*-3x>+x*+8x-12 dogrusal

olmayan bir fonksiyon(polinom), f(x) = 2x* +Sn(x)?-¢* dogrusal olmayan bir (taransandant)

/ X3—l

fonksiyondur.

f(x)=0 fonksiyonun ko6kl; fonksiyonda yerine konuldugunda fonksiyonu sifir yapan bir
dederdir. Bir a sayisi ile f(a)=0 oluyorsa a sayisi f(x) fonksiyonun kékidir denir. Bu su
anlama gelmektedir: Grafigi gizildiginde fonksiyonun x eksenini kestigi noktadaki x dederi
fonksiyonun koéklidir, ¢linkd f(x) bu x noktasinda sifir olmustur. Bu nedenle fonksiyonun
koklne fonksiyonun sifir noktasi(fonksiyonu sifir yapan deder anlaminda) da denir. Bir veya
cok sayida kok olabilir, kokler gercek veya sanal olabilir.

Asagidaki grafikte y=f(x) fonksiyonunun x eksenini x;, X, ve X3 noktalarinda kestigi, bu

noktalarda f(x;)=0, f(x,)=0 ve f(x3)=0 oldugu goérilmektedir. x;, X, ve xs dederleri bu
fonksiyonun koékleri(sifir noktalarn) dir.

AY
14

]

)

Basit ornekler:

1. f(x) = x+4=0 1n sadece bir kdkl vardir: x=-4.
2. f(x) = x>-4=0 1n iki gergek kéki vardir: x;=2, x,=-2.
3. f(x) = x>+4=0 in iki sanal kék{ vardir: X, = F-4=F2/-1=72i.
4 « _—bF+b*-4ac
12

’ 2a
olabilir. Kok icindeki b? - 4acdegerine diskriminant(ayiran, belirten, fark yaratan) denir.
Diskriminant b? —4ac >0 ise her iki kék de gergektir. b? —4ac =0 durumunda her iki kok
de gercek fakat birbirine esittir. b? —4ac <0 durumunda ise her iki kék sanaldir.

. f(x) =ax®+bx+c=0 in iki kéki vardir: Kdkler gercek veya sanal

5. f(x)=Sin(x)=0 fonksiyonu periyodiktir, sonsuz koéku vardir: k=0, 1, 2, ... olmak lzere
Xk==K T fix)
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Yukaridaki basit ¢dézimler klasik matematikten bilinen formiller ile yapilmistir ve “analitik”
veya “kapall ¢6zim” adi verilir. Cogu kez kapali ¢6ziim yoktur veya kullanilamayacak kadar
karmasiktir. Ornek: Ucgiincii ve doérdinci derece polinomlarin ¢ézimi icin de formiiller
vardir, fakat kullanissizdir. agsa; X+a>x*+...+ a, x" = 0 denkleminin n tane kéki vardir. Fakat
n>5 durumunda Xx;, X, .., X, koOkleri igin formul verilemeyecedi Abel' tarafindan
ispatlanmistir. C6zim sadece nimerik yontemlerle bulunabilir.

Teknik problemlerde kullanilabilecek ¢ok sayida nimerik metot vardir. Hepsi de
iterasyon(tekrarlama) temellidir. Her hangi bir fonksiyon icin biri iyi sonug verirken bir digeri
¢6zUm vermeyebilir. C6zim bulunsa bile cogu kez yaklasiktir.

Bu bolimde, herhangi bir fonksiyonun [a,b] aralidindaki bir gergek kokiniin iterasyon ile
belirlenmesinin temel ilkeleri érnekler ile aciklanacaktir. Ayrica, teorisine girilmeksizin, sikca
kullanilan metotlarin QBASIC programlari ve ¢ézim Ornekleri verilecektir.

Basit iterasyon metodu(Picard? metodu, sabit nokta iterasyonu, dogrusal iterasyon):

f(x)=0 denklemininin [a,b] araliinda bir gercek koki oldugu biliniyorsa, bu kokun
belirlenmesi igin:

1) f(x) fonksiyonunun terimlerinin birinden bir x cekilir, sol tarafa yazilir. Ornek: f(x)=x3-
2x+1=0 fonksiyonu yerine, ayni anlama gelen x= (x3+1)/2 yazilir.

2) Kokun sayisal dederi igin xq ile gosterecegimiz bir tahmin yapilir x=xo. Tahmin edilen bu
Xo dederine baslangic dederi denir. Baslangic dederi elden geldigince aranan koke yakin
olmalidir.

3) Baslangic dederi x=(x>+1)/2 ifadesinin sag tarafinda yerine konarak sol taraftaki x yeni
dederi hesaplanir. Bu yeni dedere x; diyelim: x;=(xo>+1)/2. x; sayisi kdki aranan f(x)=x>-
2x+1 fonksiyonunda yerine konur. Eger x; aranan kok ise f(x;)=x;3-2x;+1=0 olur, iterasyon
durdurulur, aksi durumda sonraki adim ile devam edilir.

4) x, dederi x=(x>+1)/2 ifadesinin sag tarafinda yerine konarak sol taraftaki x yeni degeri
hesaplanir. Bu yeni dedere x, diyelim: x>=(x:>+1)/2. X, sayisi kokil aranan f(x)=x3-2x+1
fonksiyonunda yerine konur. EJer x, aranan kok ise f(x,)=x,>-2x,+1=0 olur, iterasyon
durdurulur, aksi durumda sonraki adim ile devam edilir.

5) ...

Yukarida adimlarn verilen iterasyon yéntemi, sayisal 6rneklerden de anlasilacagi gibi, cok
basittir. Ancak, érneklere gegmeden 6nce, aciklanmasi gereken sorular vardir.

Sorular:

1) Hangi [a,b] araliginda kok arayacagimi nereden bileyim? 2) [a,b] araliinda kok olup
olmadigini nasil anlarim 3) x, baslangic degerini nasil tahmin edeyim? 4) iterasyonu ne
zaman durdurayim 5) iterasyon her zaman ¢6ziim verir mi(yakinsar mi)? 6) Yakinsamazsa
ne yapayim?

Cevaplar:

1) Fonsiyonu baska biri vermisse a ve b sinirlarini, yani [a,b] araligini da verir. Veya
fonksiyonu bir fiziksel problemin ¢dziimii i¢cin biz olusturmussak hangi aralikta ¢6ziim
aradigimizi da biliriz. Clinkii ¢o6ziim salt matematikten ote fiziksel bir anlam da tasimaktadir.

2) [a,b] araliginda kok olup olmadigini ya biri bize sOylemistir veya fonksiyonun fiziksel
anlamindan biliriz ya da soyle anlayabiliriz: a ve b degerleri f(x) fonksiyonunda yerine
konur, f(a) ve f(b) degerleri hesaplanir. Eger £0:)

« f(a) ve f(b) ters isaretli ise [a,b] araliginda kdk vardir.
Ciinkii fonksiyon artidan eksiye veya eksiden artiya f(a)>0
gecmektedir, dolayisiyla x eksenini kesmek zorundadir.

« f(a) ve f(b) ayni isaretli ise [a,b] araliginda kok yoktur, a b =
yani fonksiyon x eksenini kesmiyor demektir. f(b)<0
- f(a)=0 ve/veya f(b)=0 oluyorsa a ve/veya b koktiir. f(x)

1 Niels HenrikAbel, 1802-1829, Norvecli matematikgi2B olmasi halindegax+ax>+....+ax" = 0 ifdesinin kapali ¢éziiminiin olmgdu 1824 yilinda ispatldi.
Abel'den 6nceki matematikgiler 300 yil boyunca goai varlgini aramglardir.

2 Charles Emile Picard, 18561941, Fransiz matematiki.
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3) xo baslangic degerini ya biri bize soylemistir veya fonksiyonun fiziksel anlamindan biliriz
ya da soyle segebilirz: xo=a, veya xo=b veya xo=(a+b)/2.

4) iterasyonu durdurmak icin su kosullar kullanilabilir: i adimda IfO)|<e veya [x;- Xj.1|<€
olunca iterasyon durdurulur. Burada & yeterince kiigiik pozitif bir sayidir, sonucun
hassasiyetini ve iterasyon sayisini etkiler. Mesala £¢=0.0001 segcilebilir. [f(x;)[<0.0001
oldugunda, f(x;) =0 dir ve son hesaplanan x; koktiir anlamindadir. £ ne denli kiigiik secilirse
sonug o denli gergcege yakin olur, fakat iterasyon sayisi artar.

5) iterasyonun yakinsamasi fonksiyonun ne denli karmasik olduguna ve x, baslangig
dederinin aranan koke ne denli yakin olduguna baghdir, yakinsamayabilir.

6) iterasyon yakinsamazsa baska bir x, baslangic degeri secilir. Gene yakinsamazsa baska
bir iterasyon metodu ile ¢6ziim bulunmaya calisilir.

Sayisal 6rnek 1:
f(x)=x3-2x+1=0 fonksiyonunun [a,b]=[0,0.9] araliginda koéki var midir? Varsa koki
belirleyiniz.

[0, 0.9] araliginda kok var mi? f(0)=1>0 ve f(0.9)=-0.07<0 oldugunda bu aralikta kok
vardir. Fonksiyonun -2x terimindeki x i cekerek sol tarafa gecirelim:

x3-2x+1=0 - x=(x3+1)/2.

>_<o=0, €=0.001 secelim.

Iterasyon adimlar asagida verilmistir:

e [ | (e

Adim x x=0x3+1)/2 f(x)=x>-2x+1

o o—=1 o05—":10.1250
1 0.5 4« 0.5625—-] 0.0530
2 0.56254  0.5890— ] 0.0263
3 0.58904  0.6022 0.0140
4 0.60224 0.6092 0.0077
5 0.60924  0.6130 0.0043
6 0.61304 0.6152 0.0024
7 0.61524 0.6164 0.0014
8 0.61644  (0.61711:1:0.0007;

Sayisal ornek 2:

f(x) =x—+x+6=0 fonksiyonunun [a,b]=[0, 5] aralidinda kokl var midir? Varsa koku
belirleyiniz.

[0, 5] arahidinda kok var mi? f(0)=-2.4<0 ve f(5)=1.7>0 oldugunda bu aralikta kok vardir.
Fonksiyonun x terimini cekerek sol tarafa gecirelim:

fO)=x—Vx+6=0 > x=vVx+6
Xo=0, €=0.0001 segelim.
Iterasyon adimlari asadida verilmistir:

Adim x x=vx+6 f)=x—Vx+6=0
0 0— 1 244951 0.4573

1 2.4495 2.9068—-_| -0.0776

2 2.9068 2.9844—* | -0.0130

3 2.9844 2.9973 -0.0022

4 2.9973 2.9995 -0.0004

5 29995  (2.9999%*:0.0000;

o]
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Sayisal 6rnek 3:%

f(x)=elX-Sinx=0 fonksiyonunun [a,b]=[0,1] aralidinda kokl var midir? Varsa koku belirleyiniz.

[0, 1] araliginda kdk var mi? f(0)=1>0 ve f(1)=-0.47<0 oldugunda bu aralikta kék vardir.
Fonksiyonun bir x terimini gekerek sol tarafa gecirelim. Ancak bu fonksiyondaki hig bir terimi

cekilemez. Bu nedenle eiX-Sinx=0 esitligi bozulmayacak sekilde her iki tarafa x ekleyelim:

1 1 1 o
—-Sinx=0 - X+—-Sinx=X - X=X+ —-Sinx
e e €

Xo=0, €=0.001 secelim.

Iterasyon adimlari asagida verilmistir:

] [

Adim X x=x+eiX—Sinx f(x)=el—x-Sinx
0 o—x 1 1 D] -0.4736

1 1 0.5264—_| 0.0883

2 0.5264 0.6147— " | -0.0359

3 0.6147 0.5788 0.0136

4 0.5788 0.5924 -0.0054

5 0.5924 0.5870 0.0021

6 0.5870 0.5891 -0.0008

7 0.5891 /0.5883+ " | \6.0003‘g

Sayisal ornek 4:

f(x)=x3-3=0 fonksiyonunun [a,b]=[1, 5] aralifinda kéki var midir? Varsa kéki belirleyiniz.
[1, 5] araliginda kok var mi? f(1)=-2<0 ve f(5)=122>0 oldugunda bu aralikta kék vardir.
Fonksiyonu xx?-3=0 seklinde yazalim ve x i gekerek sol tarafa gecirelim:

xx2-3=0 -> x=3/x°.
Xo=1, €=0.001 secelim.

Iterasyon adimlari asagida verilmistir:

Adim x x=3/x? f(x)=x3-3

0 1— 1 3.0—=1 240

1 3.0 0.3333— | -2.9630

2 0.3333 27.005 19691.8122
3 27.0054 0.0041 3.0

Newton-raphson(Newton) metodu:

f(x) fonksiyonun tirevi olan f'(x) fonksiyonu da biliniyorsa kullanilabilir. Basit iterasyon
metoduna nazaran daha hizli yakinsar.

Soldaki cizimde goérilen f(x) fonksiyonun verilmis xo baslangig
dederini(bilinen deder) kullanarak koéke daha yakin olan x;
dederini bulabilir miyiz? Evet:

Xo bilinen dederini fonksiyonda yerine koyarak f(xq) ordinatini
hesaplayabiliriz. Bu ordinatin f(x) egrisini kestigi T noktasinda
edrinin tedetini gizdigimizi disinelim. Tedetin x eksenini
kestigi noktaya x; diyelim. Tedetin edim acisi o olsun. X;TXg
alani dik Uggendir. Bu bilgileri kullanak x; dederini

hesaplamaya galisalim. Tedetin egimi
Tan o = L&

Xo—X1
dir.
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Diger taraftan, bir fonksiyonun bir noktadaki tegetinin egimininin fonksiyonun o noktadaki
tlrevine esit oldugunu biliyoruz: Tana = f'(x,). f(x) verilmis fonksiyon oldugundan tirevi

alinarak f'(xqo) hesaplanabilir. Yukaridaki ifadede yerine yazarsak f’(x0)=% olur. Bu

0~ 41
ifadede sadece x; bilinmemektedir, ¢cekerek:

_ . _ S0

1= % TGy

bulunur. Sekilden de gorildiga gibi, bu dedere karsilik gelen f(x1)<f(xy) dir, yani koke

yaklasiimistir. Yaklasim miktar L&) gir, Bu degeri A=L) jje gosterirelim:
f1(xo) fr(xo)

X1=Xg-A

olur. Eger |A| yeterince kiglk ise x; aranan koktlr. Aksi halde xo=x; alinarak yeni bir
yaklasim, x, hesaplanir.

Yukaridaki son formil tekrar-tekrar kullanilarak(iterasyon) kék bulunabilir. f(x) ve [a,b]
araligi verilmistir. [a,b] araliinda kék olup olmadidi kontrol edilir. Kbk varsa f'(x) tirev
fonksiyonu hesaplanir, X, baslangi¢ degeri ve ¢ hassasiyeti segilir, sonra iterasyona baslanir.

iterasyon adimlarn:

0. adim: f(xg), f'(xo), A=% ve x; = x, — A dederlerini hesapla |A|<¢ ise x; aranan koktur,
(X0

iterasyonu durdur. Aksi halde bir sonraki adim ile devam et.

1. adim: f(x;), f'(x1), A=% ve x, = x; — A dederlerini hesapla |A|<g ise x, aranan koktur,
r(x1

iterasyonu durdur. Aksi halde bir sonraki adim ile devam et.

2. adim: f(x,), f'(x2), A=% ve x; = x, — A dederlerini hesapla |A|<e ise x5 aranan koktur,
1(x2

iterasyonu durdur. Aksi halde bir sonraki adim ile devam et.
3. adim: ....

Sayisal 6rnek 5:
f(x)=x3-2x+1=0 fonksiyonunun [a,b]=[0,0.9] aralifinda koéki var midir? Varsa koki
belirleyiniz.

[0, 0.9] aralifinda kok var mi? f(0)=1>0 ve f(0.9)=-0.07<0 oldujunda bu aralikta kok
vardir. Fonksiyonun tiirevi f'(x)=3x2-2 dir. xo=0, £€=0.001 secelim.

EE- ] e

iterasyon adimlari asadida verilmistir:

Adim X f(x)=x3-2x+1 f'(x)=3x%-2 A=f(x)/f'(x) X-A\
o o—=l -2 -0.5 0.545:
1 0.5 0.125 -1.25 -0.1 0.6
2 0.6 0.016 -0.92 "Q-_Ql_7\4 ()__6_]_._744!:|
3 0.6174 0.0005 -0.8565 \':0.0006,‘ \’0.618U‘)4!:|

Degisim miktari |-0.0006|<€=0.001 Ij

oldugundan iterasyon durduruldu

Basit iterasyon ile ayni fonksiyon 6rnek 1 de 9. adimda yakinsamamisti, bulunan kdk 0.6171
idi. Newton-Raphson ise 4 iterasyon sonucunda kokid 0.6180 olarak vermistir. 6 hane
hassasiyetli kok 0.618034 dir. Buna gére Newton-Raphson metodu daha hizhidir ve daha
dogru sonug vermistir.
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Sayisal 6rnek 6:%

f(x)=eiX-Sinx=0 fonksiyonunun [a,b]=[0,1] aralidinda kékl var midir? Varsa koku belirleyiniz.

[0,1] arahidinda kék var mi? f(0)=1>0 ve f(1)=-0.047<0 oldugunda bu aralikta kék vardir.
Fonksiyonun tlirevi f'(x)=-e—1X-Cosx=0 dir. xo=0, €=0.001 secelim.

iterasyon adimlari asadida verilmistir:

mmm] [BE-|EE] o

Adim  x f(X)=%-Sinx=0 f'(x)=-5-Cosx=0  A=f(x)/f'(x) X-1\

o o—=lg -2 -0.5 0.5455
1 05 0.1271 -1.4841 -0.0856 0.5856

2 0.5856 0.0041 -1.3902 -0.0029 0.5885— -
3 0.5885 0.0000 -1.3869 £0.0000; (05885

Degisim miktar1 |0.0000|<€=0.001 |j

oldugundan iterasyon durduruldu

Basit iterasyon ile ayni fonksiyonun érnek 3 de 8 iterasyon sonucunda bulunan koki 0.5883
idi. Newton-Raphson ise 4 iterasyon sonucunda kdki 0.5885 olarak vermistir. 6 hane
hassasiyetli kok 0.588533 tir. Newton-Raphson metodu daha hizlidir ve daha dogru sonug
vermistir.

Sayisal ornek 7:
f(x)=x3-3=0 fonksiyonunun [a,b]=[1, 5] aralifinda kéki var midir? Varsa kéki belirleyiniz.
[1, 5] aralidinda kdk var mi? f(1)=-2<0 ve f(5)=122>0 oldugunda bu aralikta kék vardir.

Fonksiyonun tiirevi f(x)=3x? dir. xo=1, £€=0.001 secelim.

= el

Iterasyon adimlari asadida verilmistir:

Adim x f(x)=x3-3\’:/f'(x)=3x2\\) A=f(x)/f'(x) X-0

0 1'4!:| -2 3 -0.6667 1.6667

1 1.6667 1.6299 8.3337 0.1956 1.4711_4!:
2 14711 0.1837 6.4924 0.0283 14428
3 1.4428 0.0034 6.2450 70.0005 {1.44237

Degisim miktar1 [0.0005|<€=0.001 Iﬂ

oldugundan iterasyon durduruldu

Basit iterasyon ile ayni fonksiyon 6érnek 4 de yakinsamamisti. Newton-Raphson ise 4
iterasyon sonucunda koki 1.4423 olarak vermistir. Kékiin gercek dederi /3 = 1.44224957 dir.
Newton-Raphson metodu yakinsamistir.

Her iterasyon ydénteminin kendine &6zgl iyi-kétiu taraflari vardir. Hangisinin "en iyi"
oldugunu séylemek zordur. Mesala, yukaridaki érneklerden anlasildidi gibi, Newton-Rahson
daha hizli yakinsar, fakat fonksiyonun analitik tirevi her zaman hesaplanamaz veya tiirev
sifir olabilir. Diger taraftan ayni fonksiyon icin biri yakinsarken digeri yakinsamayabilir.
Onemli olan, fonksiyona uygun bir metodun secilmesi ve x, baslangic dederinin aranan kéke
mimbkdin oldugunca yakin tahmin edilmesidir.
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Aitken iterasyon hizlandiricisi

Iterasyon metotlarinda AITKEN hizlandiricisi kullanilarak iterasyon hizlandirilabilir. k. adimda hesaplanan x degerini
x¥, k-1. adimdakini x*!, k-2. adimdakini x*? ile gbsterelim. AITKEN’e gdére x* nin iyilestirilmis degeri
(Xk _Xk—1)2
X:;ilestirilmis o xk - - — dir. Bu formilde birbini izleyen (¢ deder oldugundan (iclincli ve sonraki
X =2X + X

adimlarda uygulanabilir. Ornek olmasi agisindan, Ornek 1 in ilk (ic adimi sonunda bulunan x;=0.5, x,=0.5625,

x3=0.5890 dederlerini kullanarak xs Un iyilestirilmis dedgerini bulalim:

(0.5890-0.5625)>
0.5890-210.5625+0.5

Ornek 1 de 5. adimda bu degere yaklasiimistir.

X; < 0.5890- =0.6085

Simgesel program kodlar:: Bildiginiz bir programlama dili ile kodlayarak test ediniz. Maxit degiskeni neden
kullaniimistir?

Ornek 1 igin basit iterasyon  (Picard iterasyunu) Ornek 1 icin Newton-Raphson iterayonu

Maxit=100 Maxit=100
x0=0, Eps=0.000001 x0=0, Eps=0.000001
Adim=0 Adim=0
Repeat Repeat

x=x0 x=x0

X1=(x*x*x+1)/2 Fx=x*x*x-2*x+1

Fx=x1*x1*x1-2*x1+1 Fxtlrev=3*x*x-2

Print Adim, xo, x1, Fx if |Fxtirev| =1.0E-8 then Print Turev sifido] dur.

Adim=Adim+1 Delta=Fx/Fxtlirev

x0=x1 x0=x-Delta
Until |[Fx|<Eps or Adim>Maxit Print Adim, x, Fx, Fxturev, Delta, x0

Adim=Adim+1
until |Delta]<Eps or Adim>Maxit

PROGRAMLAR:

1. Bolzano: f(x) transandant fonksiyonunun [a, b] aralidindaki gercek koklerini Bolzano
metoduna?® gére bulur.

2. RegulaFalsi: f(x) transandant fonksiyonunun [a, b] aralidindaki gergek koklerini
Regula-Falsi* metoduna gére bulur.

3. DekkerBrent: f(x) transandant fonksiyonunun [a, b] aralidindaki gergek koklerini
Dekker-Brent® metoduna goére bulur.

4, NewtonRaphson: Gercek katsayill f(x)=ag+aix+a>x*+...+a.x" polinomunun gercek ve
sanal koklerini Newton-Raphson® metoduna goére bulur.

5. Bairstow: Gercek katsayill f(x)=ap+aix+ax*+...+a.x" polinomunun gercek ve sanal
koklerini Bairstow” metoduna g6re bulur.

6. Muller: Gercek katsayili f(x)=ag+a;x+ax>+...+ax" polinomunun gercek kéklerini Miiller®
metoduna gére bulur.

7. JenkinsTraub: Gercek katsayill f(x)=ap+ai;Xx+a-x>+...+a,x" polinomunun gercek ve sanal
koklerini Jenkins-Traub® metoduna gére bulur.

3 Bernard Bolzano tarafindan 1817 de ortaya kondu.

4 MO 3. ylzylla ait bir Hindistan matematik kitabinda izine rastlanmaktadir. Hint-Cin- Arap matematik diinyasindan italyan
matematikgi Leonardo Fibonacci(yaklasik 1170-1250) tarafindan 1202 yilinda Avrupa‘ya tanitilmistir.

51969 yilinda Hollandal Theodorus Dekker gelistirdi, Avustralyali Richard Brent tarafindan 1973 yilinda iyilestirildi. Genelde Brent
metodu olarak anilir.

6 ingiliz Isaac Newton 1669 da gelistirdi, 1690 yilinda ingiliz Joseph Raphson(1648-1715) tarafindan iyilestirildi.
7 Ingiliz Leonard Bairstow tarafindan 1920 yilinda gelistirildi.

8 Amerikall David E. Miiler tarafindan 1956 yilinda yayinlandi.
2 Michael A. G. Jenkins ve Joseph Frederick Traub tarafindan 1966 yilinda gelistirildi.
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Bolzano metodu
(Bisection, interval halfing, binary search)

277

Bolzano programi f(x) transandant fonksiyonunun [a, b] araligindaki gercek kdklerini bulur.

Asadidaki érnekler igin test edilmistir.

Ornekler:

1 f(x) = 15x - Tan(x) - 01, aralik [-5,5]
2.f(x) =3x + Sn(x)-e* , aralik [-1,1]
3.f(x)= x? - Ln(x) - 2, aralik [0.1,3]
4.f(x) = x® -1, aralik [-3,3]

5x

+x%e™® —e™ aralik[0.1,1]

5. f(x) = Sin

1
S(X)
6.f(x)= x® - 21x - 20, aralik [-5,8]

7.1(x) = x® —170x° + 7392x* - 39712? + 51200, aralik [ -12,12]

8.f (x) = Sn@x) — e +1, aralik [77,37]

Bolzano sonuglari:

1. f(x) =15x-Tan(x) —01=0 In [-5,5] araliginda
bulunabilen kékleri:

-\Basic\QBasic. EXE
» 5 1 araliginda 5 kik bulundu{Bolzano>:

-35882122471762D-87
-98169843479857D-89
-43561588303243D-18
-54004423666768D-89
-19631812334215D-89

=—4.5695732537657 1
=—1.82086716898335 2
= .2859216%97616576 3
= .8908370598773955 4
= 4.56526547223329 5

N N

[} III nu
[==1 Tt l g ]

2. f(x)=3x+39n(x)-e* =0 n [-1,1] aralifinda
bulunabilen kdkleri:

-
cn C:\Basic\@Basic.EXE
-1 1 araliginda 1 kik bulundu{Bolzano}:

-2041823649406 44 fx 1 >=-8.14817685802962D-18

3. f(x) = x*-Ln(x) —2=0 in [0.1,3] aralifinda
bulunabilen kékleri:
-\Basic\QBasic. EXE

.180080881498116 . 3 1 araliginda 2 kik bulundu<Bolzano>:

fix 1 >= 4.85595594198289D-87
£(x 2 )=-6.97731838831857D-A9

.137934824983655
1.56446225645395

3 1 araliginda 2 kik bulundu{Bolzanol:

fix 1 >= 2.5367287797436D-09

—1 .00080000117?209
fix 2 >= 7.53676253072355D-87

1.00080008011921

BernardBolzano
1781-1848]talyan asilli Avusturyali

e
'I.}‘al

pL

-
HES

(3%

-1.0

1.0

iy
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5x
L+x3e”‘”(") —-e*=0 In[0.1,1] araliginda ==
Cos(x) .20 —

bulunabilen kokleri:

5. f(x) = Sn

C:\Basic\QBasic.EXE
[ .1880800014968116 . 1 1 araliginda 2 kik bulundu(Bolzano>:

= .1133434P3376898 Fi(x 1 »=—3.31007799783071D-09 Cnne
= .329138216755585 F(x 2 >= 6.95891912123143D-89
-0.10 g
=0.15 -
— U3 _ o . £
6. f(x) = x*=21x-20=0 n [-5,8] aralidinda bulunabilen =
kokleri: = 20
C:\Basic\ABasic.EXE - ' N
8 1 aralaigainda 3 kik bulundu{Bolzano2: ;4 -1 .\ 2 4
—4 . AOOAPBRBBA3 725 £¢x 1 »=—1.PP5851416@84714D-B9 ! _ap
-1 . AEERRRRAE1 4902 £Cx 2 >= 2.68227049578495D-A9
5 . ARPERPRRR11175 £(x 3 >= 6.93462879666949D-A9
—40
7. f(x) = x® =170x° + 7392x* - 39712x* +51200=0 In i
fix)

[-12,12] araliinda bulunabilen kokleri:

C:\Basic\QBasic. EXE
[-12 . 12 1 aralaginda & kik bulundu{BolzanoX:

fix 1 >=—1.38967237855302D-18

fix 2 >= 3.82397847360428D-8%

—2 . 000000RRRARA1 4 fi{x 3 >= 6.38279828328639D-8%
-1.41421356237289 fix 4 >= 7.10198122533257D-A7
1.41421356237291 fi{x 5 >= 6.50669207402643D-8%
2 .99 RRRBRANA1S fi{x 6 >= 7.180887788409214D-87
8 f(x 7 >=0

i8 fix 8 >=—1.38967237855302D-18

|
[=-]

2
£
2
£
2
2
£
2

B2 =J T O L B

B QBasic. EXE

.14159265358977 . 2.42477776876%938 1 araliginda 18 kik bulundu{Bolzano>:

-37433048567885D-A%
-5932478887128D-A%

-4A008448346 96 7D-A%
-29376185982704D-14
-292376185782704D-14

3.6131279833A383 i
?
4
1
3.65819464236119D—39
5
1

3.85718798132602
4_35697683189176
4.71238898038469
4.71238898838469
5.A539391A930708
?.194501871460841
?.38532234834688
7.85398163397446
7.853928163327446

-3132538448A994D-A%
-3444183788688D-A%
-B6688324279A81D-13
1.86688324277881D-13

W0 00 = O O L [N
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--------------------- Ana Program Bolzano--------------------------o----
' Dogrusal olmayan f(x) fonksiyonun [a,b] araligindaki koklerini bulur
' Sadece gergek kokler bulunur, sanal kék bulunmaz.

' GCagrilan alt programlar: Bolzano

DEFINT I-N

DEFDBL A-H, O-Z

DECLARE SUB Bolzano (a, b, x(), MaxBul, iBulundu)

' araligin ve fonksiyonun tanimlanmasi

a =-5:b=05:DEFfnf (x) = 1.5 * x - TAN(x) - .1

'a=-1: b = 1: DEF fnf (x) = 3 * x + SIN(x) - EXP(-x)

'a=.1:b=3:DEFfnf (x) = x ™2 -LOG(x) - 2

'a=-3:b=3:DEFfnf(x) =x~"~8-1

'a=.1:b =1: DEF fnf (x) = SIN(SQR(1 / COS(x) + x ~ 3 * EXP(5 * x / TAN(x)))) - EXP(-x)
'a=-5:b=8:DEFfnf(x) =x"3-21*x-20

'a=-12:b=12: DEFfnf (x) = x A 8-170 * x A 6 + 7392 * x A 4 - 39712 * x ~ 2 + 51200
'a=4*ATN(1): b = 3 * a: DEF fnf (x) = SIN(8 * x) - EXP(COS(x)) + 1

MaxBul = 10: ' [a,b] araliginda en fazla 10 kok bul
DIM x(MaxBul)

CLS
CALL Bolzano(a, b, x(), MaxBul, iBulundu)

IF iBulundu = 0 THEN PRINT "K6k bulunamadi(Bolzano)": END

PRINT a; "-"; b; "araliginda bulunabilen kokler(Bolzano):"

PRINT

FOR i = 1 TO iBulundu

PRINT "x"; i; "="; x(i), "f(x"; i; ")="; fnf(x(i))
NEXT i

END 'Bolzano ana

Bolzano

SUB Bolzano (a, b, x(), MaxBul, iBulundu)

' f(x) fonksiyonunun [a,b] araliindaki gergek koklerini bulur

' Metot: Bolzano

' Diger adlari: Bisection metodu, aralgi ikiye bélme, binary search

' f(x) fonksiyonu ana programda DEF FNF(X)=... ile tanimlanmis olmal
" araligin alt siniri a ve st sinirt b ana programda tanimh olmali

' MaxAaltAralik: [a, b] araliginda alinacak alt aralik sayisi

' MaxBol: alt aralidin ikiye bélme sayisi

' Hassasiyet: Hassasiyet

MaxBul: aranacak maksimum kdk sayisi

iBulundu: bulunabilen kok sayisi

x(MaxBul): Koklerin depolandidi vektér, ana programda boyutlandirilmis olmali

Gagdrilan program: Yok

MaxAaltAralik = 100
MaxBol = 50
Hassasiyet = 1E-08
iBulundu = 0

IF a = b THEN MaxAaltAralik = 1

D = (b - a) / MaxAaltAralik

X2 = a

WHILE x2 < b

IF iBulundu >= MaxBul THEN EXIT SUB
x1 = x2

X2 =x1+D

IFx2 >bTHEN x2 = b

' [x1,x2] aralidinda kék var mi?
fl = fnf(x1)
IF ABS(f1) < Hassasiyet THEN
xYeni = x1
iBulundu = iBulundu + 1
X(iBulundu) = xYeni
GOTO 6
END IF

f2 = fnf(x2)

IF ABS(f2) < Hassasiyet THEN
xYeni = x2

iBulundu = iBulundu + 1
X(iBulundu) = xYeni

GOTO 6

END IF
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» iF1 = SGN(f1)
iF2 = SGN(f2)

' [x11,x22] araligini ikiye bol
IF iF1 * iF2 <> 1 THEN

x11 = x1
Xx22 = x2
xk = x1

FOR j = 1 TO MaxBol

xYeni = .5 * (x11 + x22)

f3 = fnf(xYeni)

IF ABS(f3) < Hassasiyet THEN
iBulundu = iBulundu + 1
x(iBulundu) = xYeni

GOTO 6

END IF

iF3 = SGN(f3)
IF iF3 * iF1 = -1 THEN
x22 = xYeni
ELSE
x11 = xYeni
iF1 = iF3
END IF
xk = xYeni
NEXT j
END IF

6 WEND

END SUB ' Bolzano sonu
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Regula-Falsi Metodu
(Method of false position, (Linear interpolation method)

RegulaFalsi programi f(x) transandant fonksiyonunun [a, b] aralifindaki gergek koklerini
bulur. Asagidaki érnekler igin test edilmistir.

Ornekler:

1 f(x) = 15x - Tan(x) - 01, aralik [-5,5]
2.f(x) =3x + Sn(x)-e* , aralik [-1,1]
3.f(x)= x? - Ln(x) - 2, aralik [0.1,3]
4.f(x) = x® -1, aralik [-3,3]

5x

+x%e™® —e™ aralik[0.1,1]

5. f(x) = Sin

S(X)
6.f(x)= x* - 21x - 20, aralik [-5,8]
7.1(x) = x® —170x° + 7392x* - 39712? + 51200, aralik [ -12,12]
8.f (x) = Sn@x) — e +1, aralik [77,37]

RegulaFalsi sonuglar::

1. f(x) =15x-Tan(x) —01=0 n [-5,5] araliginda
bulunabilen kokleri: W[

|

[ |
Basic\@Basic. EXE ‘ [ 1
» 5 1 araliginda bulunabilen kikler{RegulaFalsi»: I [ |

>=-5.01491318A9A352D-11 \ [ '_ N
»=—3.791888341 44681 D-A7 ) 3 . =
»=1.88883595685063D-13 L _4 -3 F 1K 4
)= 2.16432774480246D-14 - 1
»=1.9821798825598D-12

-4 _56957325371537
-1.02886716623222

.8983985972739
4.56526547285125

1
2
.285921698369788 3
4
5

_ o =)
2. f(x)=3x+39n(x)-e* =0 n [-1,1] aralifinda
bulunabilen kokleri: 2t )
&t C:\Basic\QBasic.EXE . . N Cox
[-1 . 1 1 araliginda bulunabilen kikler{RegulaFalsi): -1.0 -0.5 - g 0.5 1.0
x 1 = 2841823651185 Flx 1 >=—4_67291136341252D-17 T
_af
— v2 - Y fix)
3. f(x) = x*-Ln(X) —2=0n [0.1,3] aralidinda ~kf
bulunabilen kokleri: .
i
e C:ABasici\QBasic. EXE 1_||
.18088AAA1 498116 . 3 1 araliginda bulunabilen kikler(RegulaFalsi>: ]
\ Iy
x 1 .1379348255%65436 fox 1 2=—1.34223738220786D-12 L L L Low
x 2 = i_56446225925616 £(x 2 >=-5.79486653974615D-13 N s 2.0
f e
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_ 8 _ v . L .
4. f(x) = x*-1=0 1n [-3,3] aralidinda bulunabilen kokleri: £ix)

(1 |

\Basic\lB asic. EXE - ’ |

. 3 1 araliginda bulunabilen kikler(RegulaFalsi): G :
=—.999999999933757 fix 1 »="5.299467529845%84D-18 - .'I, S

= .9999999999299942 fix 2 »=—4_64517313583166D-13 b 0.5 LW

5x

5. f(x) = Sn L+x3en‘”(x) -e*=0 In[0.1,1] araliginda o
COS(X) 0.20 | o
bulunabilen kokleri: 015}

\B asic\OB asic. EXE
[ .1PARAREA1 490116

» 1 1 araliginda bulunabilen kikler{RegulaFalsi):

FCx 1 >=-1_34602620932914D-12 L £ L L
fix 2 >=1.89119382366713D-10 . 005 010 015 020 025 030

.113343484997058
.329138218252623

-0.15
— 3 — o
6. f(x) = x*—21x—-20=0n [-5,8] aralidinda .
fix
bulunabilen kokleri: :
\Basic\QBasic.EXE —_— '
» 8 1 aralaginda bulunabilen kikler{(RegulaFalsi>: y b
e . E— S
=—3.99999999999996 FOco 1 >= 1.81918126715894D-12 #4 -2 N 2 4
=—1 . ABPABADRERA3S 4 f{x 2 = 6.36211883815397D-11 K
= 4.99999999999734 £(x 3 »=—-1.43453263157234D-10
—4
7. f(x) = x® —=170x°® + 7392x* - 39712x* +51200=0 In -
[-12,12] araliinda bulunabilen kokleri: _
C:\Basic\QBasic.EXE | + 107 |
[-12 , 12 1 aralijinda bulunabilen kikler(RegulaFal=si»: | 3 =107
x 1 = fCx 1 >=—1.30967237@55302D-1@ 2100 ot I
x 2 =8 FCOr 2 )= 1.89061211131048D-89 | AN 6 A |
x 3 =—1.99999999999989 £Ox 3 »=-5.85450969967569D-09 | PR I !
x 4 =—1.4142135623731 f(x 4 >=—8.72688588@6@555D-11 [ L A L )
x 5 = 1.4142135623731 FOr 5 2=-3.31468186232087D-12 — . . ¥ x
x 6 = 2 Fi(x 6 »=—6.13837869423151D-11 o U s - | 1F
x 7 =8 £Cx 7 =0 \ -1=107¢ L
x 8 =10 £Ox 8 >=—1.30967237055302D-10 W —1w10f Y
— Cos(x — v
8. f(X) =Sn(8x)—e“*™ +1=0 n [m,3n] araliginda
bulunabilen kokleri:
\Basic\@Basic. EXE i
3.14159265358979 . 7.42477796076938 f\ a Nlog fi
araliginda bulunabilen kiokler<(RegulaFalsi>: II I 1F |‘| 11 | Ir' |
| fi a || |
1 = 3.61312798355843 1 >=-3.188625088297169D-1@ I ) I [ f} S
2 = 3.85718789984473 2 >=-2.61518237620884D-14 U ImAIA 1] ! Lo x
3 = 4.35697683290773 3 >=-4.84134837920889D-09 ATt A VBT e [TEYT
4 = 4.71238898038467 4 >=-1.99376185702784D-14 V1N E v U
L = 4.71238898038469 5 >=-1.99376185902784D-14 Sl [ 1f SR
6 = 5.85393911830726 6 »=-3.22098845228195D-16 (TTRLS Y (I
7 = 7.19450187221299 7 >= 2.46764414457701D-15 I 1H v
8 = 7.38532233931212 £ >= 1.37827455611722D-12 AR 1
9 = 7.85398163397446 ? >--1.86688324279881D-13 el [
18 = 7.85398163397446 1 1.86688324279081D-13 | i
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fmmmmmmmme oo Ana Program RegulaFalsi--------===--==---------—-

RegulaFalsi

' Dogrusal olmayan bir fonksiyonun [a,b] araliindaki koklerinin hesabi
' sanal kdk bulunmaz, sadece gergek kdkler bulunur

' Cagrilan alt programlar: RegulaFalsi

DEFINT I-N

DEFDBL A-H, O-Z

DECLARE SUB RegulaFalsi (a, b, x(), iFind, iFound)

"aralidin ve fonsiyonun tanimlanmasi

a =-5:b=>5:DEFfnf(x) =1.5* x - TAN(x) - .1

'‘a=-1:b = 1: DEF fnf (x) = 3 * x + SIN(x) - EXP(-x)

'‘a=.1:b=3:DEFfnf (x) =x ™ 2-LOG(x) - 2

'a=-3:b=3:DEFfnf(x) =x"8-1

'a=.1:b = 1: DEF fnf (x) = SIN(SQR(1 / COS(x) + x ~ 3 * EXP(5 * x / TAN(x)))) - EXP(-x)
'a=-5:b=28:DEFfnf(x) =x"3-21%*x-20

'‘a=-12:b=12: DEFfnf (X) = x A 8 - 170 * x A 6 + 7392 * x ~ 4 - 39712 * x ~ 2 + 51200
a=4*ATN(1): b = 3 * a: DEF fnf (x) = SIN(8 * x) - EXP(COS(x)) + 1

iFind = 10: ' [a,b] araliginda en fazla 10 kok bul
DIM x(iFind)

CLS

CALL RegulaFalsi(a, b, x(), iFind, iFound)

IF iFound = 0 THEN PRINT "K&k bulunamadi (RegulaFalsi)!": END
PRINT "["; a; ","; b; "] arahdinda bulunabilen kékler(RegulaFalsi):"
PRINT

FOR i = 1 TO iFound

PRINT "x"; i; "="; x(i), "f(x"; i; ")="; fnf(x(i))

NEXT i

END ' RegulaFalsi Ana

SUB RegulaFalsi (a, b, x(), iFind, iFound)

' f(x) fonksiyonunun [a,b] araligindaki gergek koklerini bulur

' Metot: Regula falsi

' Diger adlari: Method of false position, linear interpolation method

' f(x) fonksiyonu ana programda DEF FNF(X)=... ile tanimlanmis olmali
"aralidin alt siniri a ve Ust siniri b ana programda tanimli olmah

' iSubint :[a, b] aralifinda alinacak alt aralik sayisi

' maxalve: alt araligin ikiye bélme sayisi

'epsf  :Hassasiyet

282

"iFind :aranacak maksimum kdk sayisi
'iFound :bulunabilen kok sayisi
' x(iFind) :Koklerin depolandidi vektor, ana programda boyutlandiriimis ol

' Cagrilan program: Yok
iSubint = 100
Maxhalve = 50
epsf = 1E-08
iFound = 0
iHata = 0
IF a > b THEN EXIT SUB

IF a = b THEN iSubint = 1
D = (b - a) / iSubint

X2 =a

WHILE x2 < b

IF iFound >= iFind THEN EXIT SUB
x1 = x2

x2 =x1+D

IFx2 >bTHEN X2 =b

' [x1,x2] araliginda kék var mi?
fl = fnf(x1)
IF ABS(f1) < epsf THEN
xNew = x1
iFound = iFound + 1
x(iFound) = xNew
GOTO 6
END IF

f2 = fnf(x2)

IF ABS(f2) < epsf THEN
xNew = x2
iFound = iFound + 1
x(iFound) = xNew
GOTO 6

END IF

» iF1 = SGN(f1)

iF2 = SGN(f2)
IF iF1 * iF2 = 1 GOTO 6

' [ak,bk] araliginda Regula Falsi iterasyonu

ak = x1
bk = x2
aL="f1
r=f2

xk = x1
fxk = aL

FOR k = 1 TO Maxhalve
IF ABS(r - aL) < epsf THEN
xNew = ak
ELSE
XNew = (ak * r - bk * aL) / (r - aL)
END IF
fkl = fnf(xNew)
IF ABS(fk1) < epsf THEN
iFound = iFound + 1
X(iFound) = xNew
GOTO 6
END IF
IF fnf(ak) * fk1 < 0 THEN
bk = xNew
r = fkl
IF fxk * r > 0 THEN aL = .5 * aL
ELSE
ak = xNew: aL = fk1
IF fxk *aL > 0 THENr = .5 * r
END IF
xk = xNew
fxk = fk1
NEXT k

6 WEND

END SUB ' RegulaFalsi sonu
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Dekker-Brent metodu

DekkerBrent programi f(x) transandant fonksiyonunun [a, b] aralidindaki gercek koklerini
bulur. Asagidaki érnekler igin test edilmistir.

Ornekler:

1 f(x) = 15x - Tan(x) - 01 , aralik [-5,5]
2. f(x) =3x+ 3n(x)-e™ , aralk [-1,1]
3.f(x)= x? - Ln(x) - 2, aralik [0.1,3]
4.1(x) = x* -1, aralik [-3,3]

5x

5.f(x) = Sin,|——— + x%e™® — ™ ,aralik[0.1,1] L
Cos(x) TheodorusDekker, 1927-, RichardBrent, 1946- ,
6.f(x)= x* —21x - 20, aralik [-5,8] Hollandali Avustralyal

7.f(x) = x® —170x® + 739" - 397127 + 51200, aralik [ -12]12]
8.f (x) = Sin(8x) — e +1, aralik [7,37]

Bolzano sonuglari:

1. f(x) =15x-Tan(x) - 01=0 n [-5,5] araliginda fix)
bulunabilen kokleri: } : '.

& C:\NANALIZ\Basic\QBasic.EXE | 1o .

% 1 araliginda 5 kik bulundu{DekkerBrentl | [ e
—-4.56957325371642 f{x 1 >»= 1.3838322848736D-14 Y F \
-1 .082886716798638 2 >»=1.13082286598238D-16 1 o) t i

.2A5921698369393 3 »= 2.84603070277445D-19 il -2 [ V| 2 4 |

.B9A399597273921 4 »=—1.35525271568688D-17 ™ |

4.56526547285129 5 >=—1.774085833079458D-14 \

L T 1

-k
— X v
2. f{(x)=3x+Sn(x)-e* =01n [-1,1] aralidinda i)
bulunabilen kdkleri: )
2 T
1 1 araliginda 1 kik bulundu{DekkerBrent> _i (] _.:: = .:,I-: ]_I.:, i
.284182365118591 fix 1 >=—4.67291136341252D-17 ’ - =1 - ’
P - _4 E
e _sf
— 2 _ v
3. f(x) = x“—Ln(xX)—2=0 1n [0.1,3] aralidinda .
bulunabilen kdkleri:
2f
-\NAMNALIZ\B asic\QB asic. EXE i
BEAEE1498116 . 3 1 araligainda kok bulundu{DekkerBr > 1_', -
.137934825565243 £ix 1 2 -43185288415238D-17 |
1.56446225925639 fdix 2 >=—1.20346441145891D-16 Y g
| /
-L . . . %
% 05 1.0 15 10
\\ 4
1t —
fix)
\ Lof II
3 1 araliginda 2 kik bulundu(DekkerBrent> II 05t |
fix 1 >»= |
fi{x 2 >=-8.8817841978A125D-16 A . ! x
-10 0.5 _ 0.5 1o
b -0.5 /
— ]; _.-'f
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1 5x
5. f(x) = Sn,|——— + x%e™® —e™* =0 1In [0.1,1] araliginda
Cos(x) -
bulunabilen kdkleri:
0.10
ANANALIZAB asic\QB asic. EXE e
.1880000P1498116 , 1 1 aralifinda 2 kik bulundu(DekkerBrent>
1 = .113343484997717 fix 1 >= 5.42101086242752D-20 L 4 L L - b4
2 = .3291382182%76471 F4x 2 >= 2.93276687657329D-16 005 0} 015 020 023 030 .33
6. f(x) = x*=21x-20=0 n [-5,8] aralidinda bulunabilen ()
kokleri:
r". L M %
#4 -2 2 4
f(x 258
f{x 3 »=-1.38777878878145D-17 —20
— 40
7. f(x) = x® —=170x° + 7392x* - 39712x? +51200=0 In i)
[-12,12] araliinda bulunabilen kokleri: | PP |
\NANALIZ\Basic\QBasic.EXE | Fxl07E
- 12 1 al‘allglnda ? kik bulundu{DekkerBrent> o~ Fwl0 \ I
=—1.38267237855382D-1A | = £y
a w1 w109 B |
—] f{x 3 >=08 | { S |
=—1.4142135623731 fix 4 >=—2.62225796632265D-11 + b X
= 1.4142135623731 fix 5 >=—3.31468186232887D-12 =10 -3 & 3 VoLp
=2 fCx 6 D= | -1=10% L
=8 £{x ? 2= 1 89861211131 048D-A% W f . 1'“-. )
w 2= 10" W
fix)
ANANALIZAB asichBBasic EXE —
s \
J14159265358979 . 2.42477796876938 1 araliginda 18  kik bulundu(DekkerBrentd b 1 III II Il 1l
= 3.61312798351858 fix 1 >=-6.33824578835026D-16 INANENIP I
= 3.85718789984473 fix 2=—1.46475713502792D-14 1 RTRNARI [ |
= 4.35697603242133 £fCx 3 .6237289218983D-15 AIRTBIANY Al
= 4.71238898A38469 4 .99376185902784D-14 ] I/ |4 1 - T Ell 1]
= 5.85%393911838726 5 .228088845228195D-16 I| | (e [Fy -
= 7.19458187221299 [ .62298189567693D-15 nlll il \ ||
= ?.38532233931238 7 .'718297813A6365D-15 | [ W | V
= ?.85398163397448 g .23821437614647D-15 || '.I |11
= 8.29869787917627 ? -94679342091497D-15% | LT |1
= 8.576267615143597 1 3.47866267841274D-15 "I_, I| ]
| V
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fommmmmmme oo Ana program DekkerBrent-----------------oooooo Dekker Brent

' Ahmet Topgu, Eskisehir Osmangazi Universitesi, 2010

' f(x) fonksiyonunun [a,b] aralifindaki koklerini bulur

' Metot: Dekker Brent

' f(x) fonksiyonnu DEF Fnf(x)=... deyimi ile tanimlanmis olmahdir
' Veri:

' x1,x2 : kok aranacak arahdin alt ve Ust siniri

' MaxBul : [a,b] araliinda bulunacak max kék sayisi

' Gikti:
iBulundu: bulunabilen kdk sayisi
X : bulunan koéklerin depolandigi vektor

' iErr =0 hatasiz sonuglandi
! =1 [x1,x2] araliginda kok yok
! =2 Max iterasyon sayisi asildi

' Cagrilan alt programlar: DekkerBrentCall, DekkerBrent

DEFINT I-N

DEFDBL A-H, O-Z

DECLARE SUB DekkerBrentCall (a, b, x(), MaxBul, iBulundu)
DECLARE FUNCTION DekkerBrent (x1, x2, iErr)

" arahgin ve fonksiyonun tanimlanmasi

Pi = 4 * ATN(1): ' Pi sayisi

'a=-5:b=5:DEF fnf (x) = 1.5 * x - TAN(x) - .1

'‘a=-1:b = 1: DEF fnf (x) = 3 * x + SIN(x) - EXP(-x)

'‘a=.1:b=3:DEFfnf (x) =x ™ 2-LOG(x) - 2

'a=-3:b=3:DEFfnf(x) =x~8-1

'a=.1:b =1: DEF fnf (x) = SIN(SQR(1 / COS(x) + x ~ 3 * EXP(5 * x / TAN(x)))) - EXP(-x)
'‘a=-5:b=28:DEFfnf(x) =x"3-21%*x-20

'a=-12:b=12: DEFfnf (X) = x A8 - 170 * x A 6 + 7392 * x ~ 4 - 39712 * x ~ 2 + 51200
a = Pi: b = 3 * Pi: DEF fnf (x) = SIN(8 * x) - EXP(COS(x)) + 1

MaxBul = 10: ' [a,b] aralifinda bulunmasi istenen max kok sayisi
DIM x(MaxBul)

CLS
CALL DekkerBrentCall(a, b, x(), MaxBul, iBulundu)

IF iBulundu = 0 THEN
PRINT "["; a; ","; b; "] arahdinda kok bulunamadi(DekkerBrent)"
ELSE
PRINT "["; a; ","; b; "] arahdinda"; iBulundu; " kék bulundu(DekkerBrent)"
FOR i = 1 TO iBulundu
PRINT "x"; i; "="; x(i), "f(x"; i; ")="; fnf(x(i))
NEXT i
END IF

END ' DekkerBrent ana sonu

SUB DekkerBrentCall (a, b, x(), MaxBul, iBulundu)
' DekkerBrent alt programini gagirir, bulunan koku
' x vektorinde depolar
iAltaralik: a-b arahdinin bolinecedi

alt aralik sayisidir, degistirilebilir
Maxbul: aranacak max kok sayisi
iBulundu: bulunanbilen kdk sayisi
Gagdrilan alt program: DekkerBrent

iAltaralik = 100
iBulundu = 0

d = (b - a) / iAltaralik
X2 =a

WHILE (x2 < b) AND (iBulundu < MaxBul)
x1 =x2:x2 =x1+d
IFx2 >bTHENXx2 =b

x = DekkerBrent(x1, x2, iErr)

IF iErr = 0 THEN
iBulundu = iBulundu + 1
x(iBulundu) = x

END IF

WEND
END SUB ' DekkerBrentCall sonu

Ahmet TOPCU, Bilgisayar Destekli Niimerik Analiz, Eskisehir Osmangazi Universitesi, 2014, http://mmf2.ogu.edu.tr/atopcu/

285

285



36. DOGRUSAL OLMAYAN FONKSIYONLARIN KOKLERI(SIFIR NOKTALARI)

FUNCTION DekkerBrent (x1, x2, iErr)

' This program finds a real root of a real function f(x)
' using Dekker-Brent method

' function f(x) must be declared in main program as def Fnf(x)=...

" INPUTS
x1,x2 : interval to be search for a root of f(x)
Maxit : maximum number of iterations

' OUTPUTS

' DekkerBrent : root of function f(x), if found

' iErr =0 all OK

! =1 no root found in interval [x1,x2]
! =2 no more iterations(Maxit exeded)

' Fortran kodu 'Numerical Recipes in fORTRAN 77, Chapter 9.3' den alinmis,

' biraz degistirilmistir. Programin orijinal adi: zbrent
' http://www.haoli.org/nr/bookf.html

' Gagrilan alt program: yok

Tol = 1E-14: ' Hassasiyet, 1E-8 - 1E-14 arasI normal

Maxit = 100: ' Aralik yarilama sayisi, 10-200 arasi normal

Machep

Eps =1

DO

Eps = Eps / 2
s=1+ Eps

LOOP UNTILs <=1
Eps = 3 * Eps

Zero = 1E-08: ' degistirmeyiniz
iErr =0

a=x1

b = x2

Fa = fnf(a)

Fb = fnf(b)

IF (Fa > 0 AND Fb > 0) OR (Fa < 0 AND Fb < 0) THEN
iErr=1

EXIT FUNCTION

END IF
c=b
Fc =Fb

FOR iTer = 1 TO Maxit
IF (Fb > 0 AND Fc > 0) OR (Fb < 0 AND Fc < 0) THEN
c=a
Fc = Fa
d=b-a
e=d
IF

oin

EN

IF ABS(Fc) < ABS(Fb) THEN

a=

b=c
c=a
Fa =Fb
Fb = Fc
Fc = Fa
END IF

Toll = 2 * Eps * ABS(b) + .5 * Tol

xm =.5* (c-b)

IF (ABS(xm) <= Toll) AND (ABS(Fb) <= Zero) THEN
' A root has been found

DekkerBrent = b

EXIT FUNCTION

END IF
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> IF (ABS(e) >= Toll) AND (ABS(Fa) > ABS(Fb)) THEN

s =Fb/ Fa
IF ABS(a - c) < Zero THEN
p=2*xm*s

q=1-s
ELSE
q=Fa/Fc
r=Fb/Fc

p=s*(2*xm*q*(q-r)-(b-a)*(r-1))
g=(q-1)*(r-1)*(s-1)
END IF

IF p > Zero THEN q = -q
p = ABS(p)

aMin = 3 * xm * q - ABS(Toll * q)
aminl = ABS(e * q)

IF aminl < aMin THEN aMin = aminl
IF 2 * p < aMin THEN

e=d

d=p/q

ELSE

d =xm

e=d

END IF

ELSE
d = xm
e=d
END IF

a=b
Fa =Fb
IF ABS(d) > Toll THEN
b=b+d
ELSE
IF xm >= 0 THEN
b = b + ABS(Toll)
ELSE
b = b - ABS(Toll)
END IF
END IF

Fb = ff(b)
NEXT iTer

iErr = 2
DekkerBrent = 0

END FUNCTION ' End of DekkerBrent
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Newton-Raphson(Newton) metodu

NewtonRaphson programi f(x)=ag+a;x+a,x>+...+ax" polinomunun n tane olan tim sanal
ve/veya gergek koklerini bulur. Asagidaki 6rnekler igin test edilmistir.

Ornekler:

1 f(X) =128x* - 256x° +160x* —32x +1

2.f(x) = x° -3x* +4x* + 2x* -10x - 4

3.f(x) = x’ - 28x° +322x° -1960x* + 6769x> -13132%* +13068—5040
4.f(x) = x*-1

5.f(x) = x° - 3.7x" + 74x* - 108x* + 10.8x - 6.8

6.f(x) = x*-21x-20

7.§(x) = x® —170x° +7392x* —39712¢2 + 51200

8.1 (x) = x* -10x® + 35x* - 50x + 24

Isaac Newton, 1643-1727, ingiliz

NewtonRaphson sonuglari:

1. f(x) =128x* - 256x° +160x* —32x+1=0 1z}

Basic\QBasic.EXE
Polinomun kikleri(MewtonRapzon):

Kik No Gercek kisim Sanal kisam
1 3.80682337443566D-82 a i
2 .388658283817455 1
3 .691341716182545 1F — f
4 .?61739766255643 | - \\ |
\ r |
1 1 { 1 x
0.2/ 0.4 06 0.8 1.0
.-'/ r
-1F
— 5 4 3 2 _
2. f(x) = x> =3x" +4x° +2x° -10x-4 =0
fix)
- |
“ABasichQBasic EXE F f
Polinomun kikleri(NewtonRapszon>: T I-'
Kok No Gercek kisim Sanal kisim - L .'I
1 —.482627941186124 a P 3 {
2 = 7] PN AU P ¥ SPU S ST  EEPU T U B S B " =
3 2 a 1.0 —0.5% 0.5 1.0 1.5 20
4 1.2813139705%386 —-1.87728790691624 s
5 1.2813139785%386 1.87728790691624 f
= ™
iy
., /
™ A
r r 4
~10F i
3. f(x) = x” - 28x°® +322x° —-1960x* + 6769x> —13132x* +13068x — 5040=0
(=)
cv C:\Basich@Basic. EXE
Polinomun kikleri{NewtonRapson>: 100 F . |
Girt;ek kisim Sanal kizim 'Il'. 4 |
. BNPABARARPAREAL oy
.9999999999997 Y — f
. AAAARRRARARART?2 I Y e L |
-A8ABEARAEAA1S51 ) - o X
. AAAARRRARARAAS 2 [ 3 4 3 &, T
.999999999997268 F |
_--_,|- \ I:
_]_::il -
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4.f(x) = x*-1=0

Polinomun kikleri{MewtonRapsonl:

Gergek kisim Sanal kisaim

i a I |
-1 a ’ |
.787186'781186548 —.787106781186548 0.5 |
.787186781186548 .707106781186548 |
—-.787186781186548 —.7071086781186548 L L !
—-.787186781186548 .787106781186548 . 0.5 05 o

a -1 : ' - !

a 1 Y -

Polinomun kikleri{MNewtonRapson): __,' Lo

Gercek kisim Sanal kisim - . £ rd 18
1.7 a

—-7.02205094185976D-17 —-1.4142135623731
—3.822858941359?6D—17 1.4142135623731

1 1

0
— 3 - -
6. f(x)= x° —21x—20=0 ,.
\Basic\QBasic.EXE {_,- L x
Polinomun kikleri(NewtonRapsonl: L4 -2 2 4
Kok Ho Gercek kizim Sanal kisim _an
i -1 a =
2 -4
3 5 -4
— 8 6 4 2 —
7. f(x) = x® =170x” + 7392x" —39712"“ +51200=0
=)
Polinomun kiklerit{MewtonRapson): | 410 F |
Gergek kizim Sanal kizim [ Ixl0FE
_2 &
2 ~ 2x10% -~
_8 I i A ..:. .I I
1.4142135623731 1a=1f
-1.4142135623731 | \ A v )
8 ] A N T ®
-1 -1 [ -2 A8 3 1 1[
18 i/ —1=107 ¢ L
W -2x10° i
|
II
-\Basic\QB asic. EXE A |
Polinomun kikleri{HewtonRapsonX: . | |
|
Kok Mo Gercek kizim Sanal kisim B | f
1 1 a \ {
2 1 —, |
3 . 88088BRARAARA1 I
4 . x L x
1p 15 4 25 34, 35
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----------------- Ana Program NewtonRaphson---------------------- NewtonRaphson

' n. dereceden f(x) polinomunun sanal ve/veya gergek kdklerini bulur
'Gagdrilan program: NewtonRaphson
DEFINT M-N
DEFDBL A-H, O-Z
DECLARE SUB NewtonRaphson (n, Coeff(), rPart(), sPart(), ihata)
' Fonksiyonun derecesi n ve a0, al,a2,..,an katsayilari
n = 4: DATA 1,-32,160,-256,128
n = 5: DATA -4,-10,2,4,-3,1
: DATA -5040,13068,-13132,6769,-1960,322,-28,1
: DATA -1,0,0,0,0,0,0,0,1
: DATA -6.8,10.8,-10.8,7.4,-3.7,1
: DATA -20,-21,0,1
: DATA 51200,0,-39712,0,7392,0,-170,0,1
: DATA 24,-50,35,-10,1
DIM Coeff(n + 1): ' Katsayilar
DIM rPart(n) 'gergek kokler
DIM sPart(n): ' sanal kokler

FORi=1TOn+1
READ Coeff(i)
NEXT i

CLS
CALL NewtonRaphson(n, Coeff(), rPart(), sPart(), ihata)

S 33333

| T I | | N T |
HAoOowWwuriooNNUG

IF ihata <> 0 THEN
PRINT "Kokler bulunamadi(NewtonRaphson)"

END

END IF

PRINT "Polinomun kokleri(NewtonRapson):"

PRINT

PRINT "K6k No"; TAB(10); "Gergek kisim"; TAB(35); "Sanal kisim"
FORi=1TOn

PRINT TAB(5); i; TAB(10); rPart(i); TAB(35); sPart(i)

NEXT i

END ' NewtonRaphson ana

SUB NewtonRaphson (n, Coeff(), rPart(), sPart(), iHata)
' f(x)=a0+al*x+a2*x"2+...+an*x~n polinomunun gergek ve/veya sanal koklerinin esabi
' Metot: Newton-Raphson
' n+1 katsayi Coeff(n+1) vektériinde asagidaki gibi depolanmis olmalidir:
' coeff(1)=a0, coeff(2)=a2,...,coeff(n+1)=an.
' n: polinomun derecesi
' eps : hassasiyet
' Maxit :maximum iterasyon sayisi
' rpart(n): koklerin gergek kismi
' sPart: koklerin sanal kismi
' gagrilan alt program: yok
DIM b(n + 1) 'ara islem vektori
Maxit = 200
eps = 1E-08
iFit=0
n9 =n
nx = n9
nxx =n9 + 1
n2=1
k=n9 +1
FORL=1TOk
b(k - L + 1) = Coeff(L)
NEXT L

3 x0 = .00500101# ' # isareti DOUBLE anlamindadir

y0 = .01000101#
in=0

NewtonRaphson sonraki sayfada devam ediyo
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|

6 iCt = l\l
7 ux = ewtonRaphson devami

uy =0

v=0

xt=1

yt=0

u=>b(n9 +1)

IF u = 0 GOTO 11

FORi=1TOn9

L=n9-i+1

temp = b(L)

xt2 = x * xt -y * yt
yt2 = x *yt + y * xt
u=u+ temp * xt2
v =V + temp * yt2
ux = ux + i * xt * temp
uy = uy -i* yt* temp

xt = xt2
yt = yt2
NEXT I

sumsqg = ux * ux + uy * uy
IF sumsg = 0 GOTO 9
dx = (v ¥ uy - u * ux) / sumsq
X = X + dx
dy = -(u * uy + v * ux) / sumsq
y =y +dy
IF ABS(dy) + ABS(dx) < eps GOTO 8
iCt=iCt+1
IF iCt <= Maxit GOTO 7
IF iFit <> 0 GOTO 8
IF in < 5 GOTO 4
iHata = 2 ' maksimum iterasyon sayisi asildi
EXIT SUB

8 FORL =1TO nxx
mt=k-L+1
temp = Coeff(mt)
Coeff(mt) = b(L)
b(L) = temp
NEXT L
iTemp = n9
n9 = nx
nx = iTemp
IF iFit = 0 THEN GOTO 5 ELSE GOTO 10

9 IF iFit = 0 GOTO 4

X = Xpr
y = ypr
10iFit=0

IF ABS(x) >= 1E-20 THEN IF ABS(y / x) < 1E-10 GOTO 12
IF ABS(x) < 1E-20 THEN x = 0

alpha = x + x

sumsq =X *x +y *y

n9 =n9 -2

GOTO 13

11x=0
nx =nx-1
nxx = nxx - 1

12y =0
sumsq = 0
alpha = x
n9=n9-1

13 b(2) = b(2) + alpha * b(1)
FORL =2TOn9
b(L + 1) = b(L + 1) + alpha * b(L) - sumsqg * b(L - 1)
NEXT L

14 sPart(n2) =y
rPart(n2) = x
n2=n2+1
IF sumsg = 0 GOTO 15
y=-y
sumsq = 0
GOTO 14

151IF n9 > 0 THEN GOTO 3

END SUB ' NewtonRaphson

Ahmet TOPGU, Bilgisayar Destekli Niimerik Analiz, Eskisehir Osmangazi Universitesi, 2014, http://mmf2.ogu.edu.tr/atopcu/

290

290



36. DOGRUSAL OLMAYAN FONKSIYONLARIN KOKLERI(SIFIR NOKTALARI) 291

Bairstow metodu

Bairstow programi f(x)=ap+aix+a>x*+...+a,x" polinomunun n tane olan tim sanal ve/veya
gercek koklerini bulur. Asagidaki 6rnekler icin test edilmistir.

Ornekler:
1 f(X) =128x* — 256x° +160x* —32x +1
2.f(x) = x° -3x* +4x* + 2x* -10x - 4

3.f(x) = x’ —28x® +322x° -1960x" + 6769’ ~13132%* +13068 — 5040

4.f(x) = x*-1

5. f(x) = x*> — 3.7x* + 7.4x* - 108x* + 108x— 6.8
6.f(x) = x*-21x-20

7.1(x) = X8 —170x® + 7392x* —39712¢2 + 51200
8.f (x) = x* =10x® + 35x* - 50x + 24

Bairstow sonuglari:

1. f(x) =128* —256x° +160x* -32x+1=0
&+ C-\NANALIZ\Basic\QBasic EXE

Polinomun kikleric(Bairstow):
Kok no Gercek kisim
i .691341716182554
2 .961939766255638
] 3.88682337443566D-82
4 .388658283817455

Sanal kisim
a

2. f(X)=x*-3x"+4x> +2x* -10x-4 =0
e CA\NANAL I\Basic\QBa=ic EXE

Polinomun kikleri<Bairstow):
LOY T Gergek kisim
—.402627941185324
2 1.28131397859296
3 1.281313978592%6
4 -1 a
5 2 a

Sanal kisim
a

3. f(x) = x" — 28x° + 322x° —1960x* + 6769x° —13132x* +13068x — 5040 = 0

Polinomun kikleri(Bairstow):

Gerge ] Sanal kisim

.99999999997981

5
3
3. 3396
2 .00ARARARARAE S
5
1
7. 0008000A0ARA42

—-1.87728778621623
1.87728798691623

Fiar)
-\.}L.-I

I

I

h
Leonard Bairstow
1880-1963, Ingiliz

it
fix)

100

50
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Polinomun kikleri{Bairstowd:
LUTET
1

Gergek kisim
—-.7071086781567498
—-.787186781567498
.787186781574345
.787186781574345
-3.858391445526D-18
-3.858391445526D-18

1

5 f(x) = x®>-3.7x*+7.4x®-108x* +108x-6.8=0

B asic\OB asic.EXE

Polinomun kiklerid{Bairstowd:
Kok no Gergcek kisim
1.70000000BA249
1 . A0AEBEREEAOA3 9
3 1. A888BBBABABA3 2
4 3.72866223228296D-17
5 3.72066223228296D-17

6. f(x) = x> —21x-20=0

C:\Basic\@Basic EXE

Polinomun kikleri(Bairstowd:
Kok no Gergek kisim

1 —.999999999999917
2 -4
3 5

Polinomun kikleri(Bairstowd:
Kok no Gergek kisim
—10.30000ABRRAA4S
18.00000ARAARA4S
=7.99999999998793
.29999999998793
.AA0ABEABRS 6A?7
.BAAA00ABAL AP
-4142135623731
.4142135623731

Sanal kisim
—-.7871867812088143
.707186'7812088143
—-.7@8718678195% 346
.78718678195%346
-1 .00800000AA5 4837
3.88838388854839

Sanal kisim
—.999999999932704
.999999999932704

—1.4142135623731
1.4142135623731

Sanal kisim
a

Sanal kisim

8. f(x) = x* -10x> +35x* -50x+24=0

Polinomun kiklericBairstow):
Kok no Gercek kisim

i 2 . inArARAEPRERA2 3
2.99999999999962

2
3 1
4 4
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fommmmmmm oo Ana Program Bairstow---------------------- Bairstow
' n. dereceden f(x) polinomunun sanal ve/veya gergek kdklerini bulur
' Gagrilan alt program: Bairstow

DEFINT I-N
DEFDBL A-H, O-Z
DECLARE SUB Bairstow (n, a(), rPart(), sPart(), iHata)

' f(x) polinomunu derecesi n ve katsayilari an,..., a2,al
n = 4: DATA 128,-256,160,-32,1
'n = 5: DATA 1,-3,4,2,-10,-4
: DATA 1,-28,322,-1960,6769,-13132,13068,-5040
: DATA 1,0,0,0,0,0,0,0,-1
: DATA 1,-3.7,7.4,-10.8,10.8,-6.8
: DATA 1,0,-21,-20
: DATA 1,0,-170,0,7392,0,-39712,0,51200
: DATA 1,-10,35,-50,24

333333
L | T | 1 |
BROWUIONWU

DIM a(n + 3) ' katsayilar vektoéri
DIM rPart(n) ' kokln gergek kismi
DIM sPart(n) ' kokin sanal kismi

FORi=3TOn +3
READ a(i)
NEXT i

CLS

CALL Bairstow(n, a(), rPart(), sPart(), iHata)

IF iHata <> 0 THEN

PRINT "Hata:"; iHata; ", Kok bulunamadi (Bairstow)"
END

END IF

PRINT "Polinomun kokleri(Bairstow):"
PRINT "Kok no"; TAB(10); "Gergek kisim"; TAB(35); "Sanal kisim"

FORi=1TOn
PRINT TAB(5); i; TAB(10); rPart(i); TAB(35); sPart(i)
NEXT i

END ' Baistow ana sonu

SUB Bairstow (n, a(), rPart(), sPart(), iHata)
'f(x)=an*x"n+...+a3*x"3+a2*x~2+al*x+a0 polinomunun sanal ve gergek kdklerin bulur.
'Metod: Bairstow

'veri:

"a(n+3): katsayilarin depolandigi n+3 boyutlu vektor. n+1 katsayi asagidaki gibi
' depolanmis olmalidir: a(3)=an,..., a(n+1)=a2,a(n+2)=al,a(n+3)=a0

' n: polinomun derecesi

'cikti:

' rpart(n): koklerin gergek kismi

' sPart(n): koklerin sanal kismi

' iHata =0 : kokler bulundu

' <>0 : kokler bulunamadi

' gagrilan alt program: yok
iHata = 0 ' hata bayragdi
eps = 1E-08 ' Hata ylzdesi
maxit = 500 ' maksimum iterasyon
rt=0 ' baslangig degeri
s1=0 ' baslangig degeri

FORi=1TOn

rPart(i) = 0

sPart(i) =0

NEXT i

n3=n+3

DIM b(n3), c(n3) ' Ara islem vektorleri
nl=n

IFn1 > 0 AND a(3) = 0 THEN
iHata = 1 ' Polinomun tanimi hatah
EXIT SUB

END IF

IFnl = 1 THEN
b(3) = a(3)
b(4) = a(4)
GOTO 11

END IF Bairstow sonraki sayfada devam ediyor
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IF n1 = 2 THEN
r=-a(4)/a(3)
s =-a(5)/a(3)
GOTO 7

END IF

5 FORi=3TOn3
b(i) =a(i) +r*b(i-1) +s*b(i-2)
c(i)y=b(i) +r*c(i-1) +s*c(i-2)
NEXT i
f=c(nl+1)~2-c(nl + 2)*c(nl)
IF f = 0 THEN
ri=r1+1
sl=s1+1
GOTO 4
END IF

r =r + deLr
s = s + deli
IF ABS(deLr) + ABS(deLi) <= eps GOTO 7

' maks iterasyon asildi mi?
IF iSay >= maxit THEN
iHata = 2 ' Maks iterasyon asildi
EXIT SUB
END IF

6 iSay =iSay + 1
GOTO 5

7 diskr =s + .25*r *r
IF diskr < 0 GOTO 8
IF diskr > 0 GOTO 9

x1=.5%r
x2 = x1
yl=0:y2=0
GOTO 10

8 x1=.5*r
x2 = x1
y1l = SQR(-diskr)
y2 = -yl
GOTO 10

9 x1 = .5 *r + SQR(diskr)
x2 =-s/x1
yl=0
y2 =0

10 rPart(n1) = x1
sPart(nl) = y1
rPart(nl - 1) = x2
sPart(nl - 1) = y2
nl=nl-2
IF n1 < 1 THEN EXIT SUB
IFnl =1 GOTO 11
n3=nl1+3
FORi=3TOn3
a(i) = b(i)

NEXT i
GOTO 3

11 x1 = -b(4) / b(3)
rPart(n1) = x1
sPart(nl) =0

END SUB ' Bairstow

3n3=ni+3 Bairstow devami

deLr = (-b(n1 + 2) *c(n1 + 1) + c(nl1) *b(n3)) /f
deLi = (-¢(n1 + 1) *b(n3) + b(n1 + 2) *c(n1 +2))/f
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Miiller metodu

Muller programi f(x)=ag+a;x+a.x*+...+ax" polinomunun gergek koklerini bulur, sanal kék

bulmaz. Asagidaki érnekler igin test edilmistir.
Ornekler:

1 f(X) =128x* - 256x° +160x* —32x +1

2.f(x) = x° -3x* +4x* +2x* -10x - 4

3.f(x) = x’ —28x° +322x° -1960x* + 6769x> -13132%* +13068«—5040
4.f(x) = x*-1

5.f(x) = x° - 3.7x" + 74x* - 108x* + 10.8x - 6.8

6.f(x) = x*-21x-20

7.1(x) = x® —170x° + 7392x* —39712¢% + 51200

8. (x) = x* -10x® + 35x* - 50x + 24

Muller sonuglari:

1. f(x) =128&* - 256x> +160x* —32x+1=0 £6x)

-\B azic\@B azic_ EXE |

Polinomun bulunabilen kikleri{Muller>: BF
Kik no
1

* |
—3.93565388612238D-17 |
1.96823752785379D-16 il
—2.77555756156289D-16 q
—1.66533453693774D-16 1

x
3.88682337443566D-82
.388658283817455
.691341716182545
-961939766255643

P ~,
David E. Miiller, 1924-2008
Amerikall

.\\. II
1 1 k 1 X
02,/ 04 0.6 N08 /10
A A
-1F -
— Vo 4 3 2 — it
2. f(X)=x>—-3x" +4x° +2x° -10x-4 =0
s+ C:\Basic\@Basic.EXE ) |
Polinomun bulunabilen kikleri{Mullerd: - {
Kék no x f{xd |
—-.482627941186124 —-1.96674274888871D-16 {
-1 5] P !
3 2 %} P i L L L L =
1.0 —0.5% 0.5 1.0 1.5 ¥0
., /
L ", I
L __.f
-10 S
3. f(x) = x” - 28x° +322x° -1960x* + 6769x° —13132x* +13068x — 5040=0
(=)
4B asic\OB asic.EXE X
Polinomun bulunabilen kikleri(Mullerl: 100 [~ |
Kok no X F{xd TR
2.1316282072883D-14 soff |
—3.86581413364315])—14 i [
I i
6.67918171614424D-13 kT L 2 | b
2.38031816479634D-13 ! ] P—- 8 }
—2.20268248085631D-12 - - b |
- 50| |
-1-:-::||- :
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296
— 8 —
4. f(x) = x°-1=0
Basic\QBasic. EXE fix)
Polinomun bulunabilen kikleri{Mullerd: | . |
Kik no  x £{x> { L0
1 1 ] | . f
2 -1 —-1.77635683948825D-15 | M2 .I
III |I }‘.
=00 -05 5 L0
- =L
— 5 4 3 2 — fix)
5. f(x) = x> —-3.7x" + 74x° —10.8x° + 108x - 6.8=0
Polinomun bulunabilen kikleri{Muller>:
Kik no  x Fix : e
1 1.70000004768372 -6.9388939039@723D-18 12 1.4 e 4 LB
-l0r
-15F
— 3 —
6. f(x) = x*-21x-20=0
ix)

Basic\QBasic.EXE !
Polinomun bulunabilen kikleri{Mullerd: 20 {
Kok £ (> -

5] F

5] & A %

-1.38777878078145D-17 I _2 3 3
—40
— 8 6 4 2 —_
7. f(x) = x° =170x" + 7392x" —39712“ +51200=0

o
-\.}"-

BaszichQBasic. EXE | 4 1.,;:

FPolinomun bulunabilen kikleri{Muller>: "__ |
Kik no x £ 3w 10%
-1.4142135623731 -3.32178728967847D-12 | .
1.4142135623731 -3.32178728967847D-12 -~ 23 10" i |
2 5] h - Y
o A | S s !
-8 a 1 % 10 ) |
f A | i . " | x
18 -1.38967237855382D-18 . _z . 5 h 10
-18 -1.38967237855382D-18 " Z1x10® 1 |
1 I.I = | 1]
W -2 10% o
4 3 2 i)
8. f(x) =x" —10x” +35x“ -50x+24=0 .
PR TN ol |
2.0 |
Polinomun bulunabilen kokleri{Mullerd: 1.5 ! |
Kik no x £ {x> - | |
5] - |
~2.77555756156289D-17 Lop | |
8 osp | — |
4 . . %
i 1% 15 2 23 3b, 35 4
-10k - —
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---------------------------- Ana Program Muller----==-=----=-cmmoo oo Muller
' n. dereceden f(x) polinomunun sadece gergek koklerini bulur, sanal kék bulmaz.

' Gagrilan alat program: Muller
DEFINT I-N
DEFDBL A-H, O-Z
DECLARE SUB Muller (n, zeros(), iFound)
' polinomun ve derecesinin tanimi
n=4:DEFfnf(x) =128 *x " 4-256*Xx "3 4+160*x~2-32*x+1

'Nn=5:DEFfnf(X) =x~"5-3*x"4+4*x~"3+2*x"2-10*x-4

'n=7:DEFfnf(X) =x~"7-28*x/"6+322*Xx"5-1960*x "4 + 6769 * x N~ 3-13132* x ~ 2 + 13068 * x - 5040
'n=8: DEFfnf(x) =x"~8-1

'n=5DEFfnf(X) =x~"5-3.7*x"4+74*x~3-108*x"2+10.8*x-6.8

'n=3: DEFfnf (x) =x~3-21*x-20

'n=8: DEFfnf(x) =x "~ 8-170* x N 6 + 7392 * x ~ 4 - 39712 * x * x + 51200

'n=4:DEFfnf(x) =x"4-10*x~"3+35*x72-50*x+ 24

DIM zeros(n): ' vector of zeros found

CLS

CALL Muller(n, zeros(), iFound)

IF iFound = 0 THEN PRINT "K&k bulunamadi(Muller)": END
PRINT "Polinomun bulunabilen kdkleri(Muller):"

PRINT "Ko6k no"; TAB(10); "x"; TAB(35); "f(x)"

FOR i = 1TO iFound

PRINT i; TAB(10); zeros(i); TAB(35); fnf(zeros(i))

NEXT i

END ' Muller ana

SUB Muller (n, zeros(), iFound)

'f(x)=an*x~n+...+a3*x"3+a2*x~2+al*x+a0 polinomunun gergek ve/veya sanal kdklerinin hesabi
' Metod: Miller

' f(x) fonksiyonu ana programda tanimlanmis olmahdir

n boyutlu Zeros(n) vektdrld ana programda boyutlandiriimis olmalidir

n: polinomun derecesi

iFound: bulunabilen kdk sayisi

zeros(n): koklerin depolandigi vektor

maxit: herbir kok igin maksimum iterasyon sayisi

epsf: hassasiyet

cadrilan alt program: deflate
DIM x(n)

epsf = 1E-08

maxit = 50

FORi=1TOn
x(i) =0
NEXT i

iFound = 0
FORi=1TOn
iCount = 0

2 x2 = x(i)
x0 =x2-.5
X1 =x2+.5

z =x0
GOSUB 4
fO = fzrdfL

z=x1
GOSUB 4
fl = fzrdfL

z=x2
GOSUB 4
f2 = fzrdfL

hl = x1 - x0
h2 = x2 - x1
f21 = (f2-f1) / h2
f10 = (f1 - f0) / h1

Muller sonraki sayfada devam ediyor
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3 210 = (f21 - f10) / (h2 + h1)
¢ =f21 + h2 * f210 Muller dev*-u

sq=c*c-4*f2*f210
IF sq < 0 THEN sq = 0 ' sanal koku atla

IF ¢ < 0 THEN sq = c - SQR(sq) ELSE sq = c + SQR(sq)
IF ABS(sq) = 0 THEN h3 = -2 * f2 ELSEh3 = -2 * f2 / sq

5 x3 =x2+h3
z =x3
GOSUB 4
f3 = fzrdfL

' Yakinsama var mi?
IF ABS(f2) < epsf THEN
iFound = iFound + 1
zeros(iFound) = x3
GOTO 6
END IF

" maksimum iterasyon sayisi asildi mi?
IF iCount > maxit GOTO 6

"iraksama var mi?
IF ABS(f3) >= 5 * ABS(f2) THEN
h3 =.5* h3
GOTO 5
END IF

' dederleri aktar
32 = (f3-f2) / h3
f10 = f21
f21 = 32
h1l = h2

EXIT SUB

' Alt program deflate
4 iCount = iCount + 1
fzr = fnf(z): fzrdfL = fzr
IF i < 2 THEN RETURN
FORj=2TOi
sq=z-x(j-1)
IF ABS(sq) = 0 THEN
x(i) =z * 1.001
RETURN
END IF

fzrdfL = fzrdfL / sq
NEXT j
RETURN

END SUB ' Muller sonu
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Jenkins-Traub metodu

JenkinsTraub programi f(x)=ag+a;x+a-x’+...+a,x” polinomunun n tane olan tim sanal
ve/veya gercek koklerini bulur. Asagidaki 6rnekler icin test edilmistir.

Ornekler:

1 f(X) =128x* - 256x° +160x* —32x +1

2.f(x) = x° -3x* +4x* +2x* -10x - 4

3.f(x) = x’ —28x° +322x° -1960x* + 6769x> -13132%* +13068«—5040
4.f(x) = x*-1

5.f(x) = x° - 3.7x" + 74x* - 108x* + 10.8x - 6.8

6.f(x) = x*-21x-20

Joseph Frederick Traub, 1932-

8 6 4 ) Amerikal
7.f(x) = x® —170x° + 7392x* —39712%% + 51200
8. (x) = x* -10x® + 35x* - 50x + 24
JenkinsTraub sonucglari:
1. f(x) =128&* —256x° +160x* —32x+1=0 .
e CANANALIZ\Basic\QBasic EXE T
Polinomun bulunabilen kikleri<JenkinsTraubl: i
Kok NMo: Gergek kisim: Sanal kisim: 4
1 3.88682337443566D-0A2 \
-38865828381 7455 1 .,
.691341716182544 | g ., /
-961939766255645 \ / L -
02/ 0.4 Noe o N
_1 o 'I'
2. f(x)= x> -3x* +4x*> +2x* -10x-4 =0 i

ot CANANAL IA\Basic\QBasic EXE st -"I

Polinomun bulunabilen kiokleri<JenkinsTraubd: f
Hik Ho: Gergek kiszaim: Sanal kisaim: (
—i4B2627941186124 a

1.28131397859306
%.23131397359336

e CANANAL L \Bazic\NQBasic EXE

Kok No: Gercek kisim:

i

2 .99999999999945
3 . INIRAPABABAZ 8
4 .99999999999415
5 . IRIBAPABABAG 36
] .99999999999638
? . IPIBAPABABABS 6

a
1.87728778691624
—3.87728793691624

Pglinnmun bulunabilen kikleri<JenkinsTrauh>:

Sanal kisim:
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4.f(x) = x*-1=0

Kok Ng: Gergek kisim:

14
.787186781186548
.787186781186548

-.7871067811865448
-.787106781186548

1
a
a

5 f(x) = x®>-37x*+7.4x%®-108x* +108x-6.8=0

Hik Ho: Gercek kizim:
1 i

1
—2.78525455852482D-16
—2.78525455852482D-16

6. f(x) = x® —21x-20=0

Polinomun bulunabilen kikleri<JenkinsTrauhd:

Sanal kisaim:
.787186781186548

-.787106781186548
.787186781186548

—6?3?136?81186548

a
1
-1

Polinomun bulunabilen kikleri<JenkinsTraubl:

Sanal kisim:

1.4142135623731
—3.4142135623?31

Polinomun bulunabilen kiklericJenkinsTrauhd:

Kok No: Gergek kisim:
i -1
2 s

3 5

Sanal kisim:

7. f(x) = x® =170x° + 739" - 3971%* +51200=0

ot CANANAL I\Basic\QBasic EXE

2
—E.EEEEEEEEEEEEEi

00 =] 0 U ol L oD =

18
—3699999999999999

Polinomun bulunabilen kikleri<JenkinsTrauhd:

Kok No: Gergek kisim:
1.4142135623731

-1.41421356237389

Sanal kisim:

8. f(x) = x* —10x> +35x* -50x+24=0

Polinomun bulunabilen kikleri{JenkinsTrauhd:

Hik Ho: Gergek kizaim:
1 1

Sanal kisim:
a

2
i.ﬂﬂﬂﬂﬁﬁﬁﬁﬁﬁﬁﬁﬁi
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36. DOGRUSAL OLMAYAN FONKSIYONLARIN KOKLERI(SIFIR NOKTALARI)

------------------ Ana program JenkinsTraub---------==----=---ccocooo--
' Ahmet Topgu, Eskisehir Osmangazi Universitesi, 2010

' Gergek katsayil n. derece f(x)=an x~n+...+a2x"2+alx+a0

' polinomunun gergek ve sanal kéklerini bulur

"i,j,k,L,m,n harfleri ile baslayan dediskenler tam sayI(INTEGER),
' tum digerleri cift hassasitli(DOUBLE) degiskendir.

' Metot: Jenkins-Traub

' Veri:
' Op(n+1) : polinomun katsayilarinin depolandigi n+1 boyutlu vektor
''n : polinomun derecesi
Cikti:
iDegree=0 kok bulunamadi
<>0 iDegree adet kok bulundu
ZeroR : bulunan koéklerin gercek kisminin depolandidi vektor
Zeroi : bulunan koklerin sanal kisminin depolandigi vektor

Gagdrilan alt program: Rpoly

' Alt programlarin alindigi yer: http://www.netlib.org/toms/493

DEFINT I-N
DEFDBL A-H, O-Z

DECLARE SUB Rpoly (op(), iDegree, Zeror(), Zeroi())
DECLARE SUB Quadsd (nn, u, v, p(), 9(), a, b)
DECLARE SUB Fxshfr (L2, nz)

DECLARE SUB Quadit (uu, vv, nz)

DECLARE SUB Realit (sss, nz, iflag)

DECLARE SUB Calcsc (itype)

DECLARE SUB Nextk (itype)

DECLARE SUB Newest (itype, uu, vv)

DECLARE SUB Quad (a, b1, c, sr, si, dLr, dLi)

' f(x) polinomunun derecesi n1 ve katsayilari an,..., a2,al
'n : DATA 128,-256,160,-32,1

: DATA 1,-3,4,2,-10,-4

: DATA 1,-28,322,-1960,6769,-13132,13068,-5040

: DATA 1,0,0,0,0,0,0,0,-1

: DATA 1,-3.7,7.4,-10.8,10.8,-6.8

: DATA 1,0,-21,-20

: DATA 1,0,-170,0,7392,0,-39712,0,51200

: DATA 1,-10,35,-50,24

AoOowurooNUTA

n
n
n
n
n
n
n

' Global degiskenler

DIM SHARED p(n + 1), gp(n + 1), dk(n + 1), gk(n + 1), svk(n + 1)
DIM SHARED sr, si, u, v, a, b, ¢, d, al, a2, a3, a6, a7, e, f, g

DIM SHARED h, szr, szi, dLzr, dLzi, Eta, are, dmre, n1, nn

CLS
DIM op(n + 1), Zeror(n), Zeroi(n)

FORi=1TOn +1
READ op(i): ' Polinomun katsayilari
NEXT i

iDegree = n
CALL Rpoly(op(), iDegree, Zeror(), Zeroi())

IF iDegree = 0 THEN

PRINT "Ko&kler bulunamadi(JenkinsTraub)"
END

END IF

PRINT "Polinomun bulunabilen kdkleri(JenkinsTraub):"

PRINT "K6k No:"; TAB(10); "Gergek kisim:"; TAB(35); "Sanal kisim:"
FOR i = 1 TO iDegree

PRINT TAB(5); i; TAB(10); Zeror(i); TAB(35); Zeroi(i)

NEXT i

END ' Ana program JenkinsTraub sonu

JenkinsTraub
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SUB Rpoly (op(), iDegree, Zeror(), Zeroi())

' Finds The Zeros Of A Real Polynomial

' Op : Double Precision Vector Of Coefficients In
! order of decreasing powers.

' iDegree: Degree of polynomial.

' ZeroR : Output vector of real parts of the zeros.

' Zeroi : Output vector of imaginary parts of the zeros.

' All calculations for the iterations are done in double
' precision.
' Subroutines called: Quad, FXSHFR

' Fortran code:http://www.netlib.org/toms/493
Ndim = iDegree + 1
DIM temp(Ndim), pt(Ndim)

' Variable BASE is renamed to dBase
' LZerok is used as boolean variable

' the following statements set machine constants used
'In various parts of the program. the meaning of the

' four constants are...

'eta The maximum relative representation error

! which can be described as the smallest
positive floating point number such that
1.dO+eta Is greater than 1.

' dinFin The largest floating-point number.

'smalno The smallest positive floating-point number
! If the exponent range differs in single and
double precision then smalno and dinfin

should indicate the smaller range.

' dbase the base of the floating-point number system used.

' The values below set machine constants
r4 =1
rdt =1+ (rd4 / 2)
1 IF1 < r4t THEN
r4d=r4/2
rdt =1+ (rd / 2)
GOTO 1
END IF
Epsilon = .5 * r4: 'machine Epsilon

dBase = 2: ' Binary taban
Eta = Epsilon: 'Hassasiyet
dinFin = 1E+30: ' en biyik sayi
smalLno = 1E-37: ' en klglk sayi
' are and dmre refer to the unit error in + and *
' respectively. they are assumed to be the same as eta.
are = Eta
dmre = Eta
dLo = smalLno / Eta
' initialization of constants for shift rotation
xx = SQR(.5)
yy = -xX
Rot = 94: ' Rotation 94 degree
Rot = Rot * 4 * ATN(1) / 180': Convert degree to radian
cosr = COS(Rot)
sinr = SIN(Rot)
nl = iDegree
nn=nl+1
' algorithm fails If the leading coefficient I1s zero.
IF op(1) = 0 THEN
iDegree = 0
EXIT SUB
END IF
' remove the zeros at the origin If any
103 IF op(nn) = 0 THEN
j = iDegree - nl + 1

Zeror(j) =0

Zeroi(j) = 0

nn=nn-1

nl=nl-1

GOTO 103

END IF

' make a copy of the coefficients

FORi=1TOnn Rpoly devam
p(i) = op(i)

NEXT i

Hiyor
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' start the algorithm for one zero
41 IFnl <=2 THEN
IF n1 < 1 THEN EXIT SUB
' calculate the final zero or pair of zeros
IF n1 <> 2 THEN
Zeror(iDegree) = -p(2) / p(1)
Zeroi(iDegree) = 0
EXIT SUB
END IF
CALL Quad(p(1), p(2), p(3), Zeror(iDegree - 1), Zeroi(iDegree - 1), Zeror(iDegree), Zeroi(iDegree))
EXIT SUB
END IF
' find largest and smallest modul of coefficients.
dMax = 0
dMin = dinFin
FORi=1TOnn
x = ABS(p(i))
IF x > dMax THEN dMax = x
IF x <> 0 AND x < dMin THEN dMin = x
NEXT i
' scale If there are large or very small coefficients
' computes a scale factor to multiply the
' coefficients of the polynomial. the scaling I1s done
' to avoid overflow and to avoid undetected underflow
' interfering with the convergence criterion.
' the factor 1s a power of the dbase
sc = dLo / dMin
IF sc <=1 THEN
IF dMax < 10 THEN GOTO 110
IF sc = 0 THEN sc = smalLno
ELSE
IF (dinFin / sc) < dMax THEN GOTO 110
END IF
L = LOG(sc) / LOG(dBase) + .5
factor = dBase ™ L
IF factor <> 1 THEN
FORi=1TO nn
p(i) = factor * p(i)
NEXT i
END IF
' compute lower bound on modul of zeros.
110 FORi=1TOnn
pt(i) = ABS(p(i))
NEXT i
pt(nn) = -pt(nn)
' compute upper estimate of bound
x = EXP((LOG(-pt(nn)) - LOG(pt(1))) / n1)
IF pt(n1) <> 0 THEN
'1f newton step at the origin i1s better, use It.
xm = -pt(nn) / pt(n1)
IF xm < x THEN x = xm
END IF
' chop the interval (0,x) until ff .le. 0
130 xm=x*.1
ff = pt(1)
FOR i =2TO nn
ff = ff * xm + pt(i)
NEXT i
IF ff > 0 THEN
X = Xm
GOTO 130
END IF
dx = x
' do newton iteration until x converges to two
' decimal places
160 IF ABS(dx / x) > .005 THEN
ff = pt(1)
df = ff
FORi=2TOn1
ff = ff * x + pt(i)
df = df * x + ff

NEXT i
ff = ff * x + pt(nn)

dx = ff / df

X = X - dx

GOTO 160

END IF

bnd = x ] Rpoly devam ediyor

303
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' compute the derivative as the intial dk polynomial
'and do 5 steps with no shift
nml=nl-1
FORi=2TOn1
dk(i) = (nn - i) * p(i) / n1
NEXT i
dk(1) = p(1)
aa = p(nn)
bb = p(n1)
Lzerok = (dk(n1) = 0)
FORjj=1TO5
cc = dk(nl)
IF Lzerok = 0 THEN
' use scaled form of recurrence If value of dk at O 1s nonzero

t=-aa/cc
FORi=1TO nmil
j=nn-i
dk(j) =t * dk(j - 1) + p(j)
NEXT i
dk(1) = p(1)
Lzerok = (ABS(dk(n1)) <= ABS(bb) * Eta * 10)
ELSE

' use unscaled form of recurrence
FORi=1TO nm1l
j=nn-i
dk(j) = dk(j - 1)
NEXT i
dk(1) =0
Lzerok = (dk(n1l) = 0)
END IF
NEXT jj
' save dk for restarts with new shifts
FORi=1TOn1
temp(i) = dk(i)
NEXT i
' loop to select the quadratic corresponding to each
' new shift
FOR icnt = 1 TO 20
' quadratic corresponds to a double shift to a
' non-real point and its complex conjugate. the point
' has modulus bnd and amplitude rotated by 94 degrees
' from the previous shift
XXX = COSr * xx - sinr * yy
yy = sinr * xx + cosr * yy

XX = XXX
sr = bnd * xx
si = bnd * yy
u=-2%sr
v = bnd

' second stage calculation, fixed quadratic

CALL Fxshfr(20 * icnt, nz)

IF nz <> 0 THEN
' the second stage jumps directly to one of the third
' stage Iterations and returns here If successful.
' deflate the polynomial, store the zero or zeros and
' return to the main algorithm.

j=iDegree-nl1 +1

Zeror(j) = szr

Zeroi(j) = szi

nn =nn - nz

nl=nn-1
FORi=1TO nn
p(i) = ap(i)
NEXT i

IF nz = 1 THEN GOTO 41
Zeror(j + 1) = dLzr
Zeroi(j + 1) = dLzi
GOTO 41
END IF
"1If the iteration 1s unsuccessful another quadratic
' 1s chosen after restoring dk
FORi=1TOn1
dk(i) = temp(i)
NEXT i
NEXT icnt
' return with failure If no convergence with 202 shifts
iDegree = iDegree - n1

END SUB ' Rpoly
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SUB Fxshfr (L2, nz)

computes up to 12 fixed shift dk-polynomials,

testing for convergence In the linear or quadratic

case. Initiates one of the variable shift

iterations and returns with the number of zeros found.

12 - limit of fixed shift steps

nz - number of zeros found

Subroutines called: Quadsd,Calcsc,Nextk,Newest, Quadit
Realit

Varible TYPE is renamed to iType

1=TRUE, 0=FALSE
nz=0
betav = .25
betas = .25
0SS = sr
ovV =V
evaluate polynomial by synthetic division
CALL Quadsd(nn, u, v, p(), ap(), a, b)
CALL Calcsc(itype)
FORj=1TO L2
calculate next dk polynomial and estimate v
CALL Nextk(itype)
CALL Calcsc(itype)
CALL Newest(itype, ui, vi)

WV = Vi
' estimate s
ss=0
IF dk(n1) <> 0 THEN ss = -p(nn) / dk(n1)
tv=1
ts=1

IF j <> 1 AND itype <> 3 THEN
compute relative measures of convergence of s and v
' sequences
IF vv <> 0 THEN tv = ABS((vv - ovV) / vv)
IF ss <> 0 THEN ts = ABS((ss - 0ss) / ss)
If decreasing, multiply two most recent
convergence measures

tvww =1
IF tv < otv THEN tvv = tv * otv
tss =1

IF ts < ots THEN tss = ts * ots
compare with convergence criteria
Lvpass = tvv < betav
Lspass = tss < betas
IF Lspass OR Lvpass THEN
at least one sequence has passed the convergence
test. store variables before iterating
SVuU = u
SVV =V
FORi=1TOn1
svk(i) = dk(i)
NEXT i
s =ss
choose Iteration according to the fastest
converging sequence
Lvtry = 0: ' set to FALSE
Lstry = 0: ' set to FALSE
IF Lspass AND (Lvpass = 0 OR tss < tvv) THEN GOT!
21 CALL Quadit(ui, vi, nz)
IF nz > 0 THEN EXIT SUB
' quadratic iteration has failed. flag that it has
' been tried and decrease the convergence criterion.
Lvtry = 1: 'Set to TRUE
betav = betav * .25
' try linear iteration If it has not been tried and
' the s sequence Is converging
IF Lstry OR Lspass = 0 THEN GOTO 50
FORi=1TOn1
dk(i) = svk(i)
NEXT i
40 CALL Realit(s, nz, iflag)
IF nz > 0 THEN EXIT SUB
' linear iteration has failed. flag that it has been
' tried and decrease the convergence criterion
Lstry = 1: ' set to TRUE
betas = betas * .25
IF iflag <> 0 THEN
"1f inear I1teration signals an almost double real
' zero attempt quadratic interation
ui=-(s +s)
vi=s*s

Lvpass, Lspass, Lvtry, Lstry are used as Boolean variables:

40

—+—» GOTO 21
END IF
' restore variables
50 u = svu
V = svv
FORi=1TOn1
dk(i) = svk(i)
NEXT i
' try quadratic iteration If it has not been tried
' and the v sequence Is converging
IF Lvpass AND Lvtry = 0 THEN GOTO 21
recompute gp and scalar values to continue the
second stage
CALL Quadsd(nn, u, v, p(), gp(), a, b)
CALL Calcsc(itype)

END IF
END IF
ovV = Vv
0SS = ss
otv = tv
ots = ts
NEXT j

END SUB 'Fxshfr
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SUB Quadit (uu, vv, nz)
' variable-shift dk-polynomial iteration for a
' quadratic factor converges only If the zeros are
' equimodular or nearly so.
' uu,vv - coefficients of starting quadratic
' nz - number of zero found
Subroutines called: Quad,Quadsd,Calcsc,Newest, Nextk,Quadit
Ltried is used as boolean variable
nz=0
Ltried = 0: 'set to FALSE
u=uu
V= VvV
j=0
' main loop
101 CALL Quad(1, u, v, szr, szi, dLzr, dLzi)
' return If roots of the quadratic are real and not
' close to multiple or nearly equal and of opposite sign
IF ABS(ABS(szr) - ABS(dLzr)) > .01 * ABS(dLzr) THEN EXIT SUB
' evaluate polynomial by quadratic synthetic division
CALL Quadsd(nn, u, v, p(), gp(), a, b)
dmp = ABS(a - szr * b) + ABS(szi * b)
' compute a rigorous bound on the rounding error in evaluting p
zm = SQR(ABS(V))
ee = 2 ¥ ABS(qp(1))
t=-szr*b
FORi=2TOn1
ee = ee * zm + ABS(qgp(i))
NEXT i
ee = ee *zm + ABS(a + t)

ee = (5 *dmre + 4 * are) * ee - (5 * dmre + 2 * are) * (ABS(a + t) + ABS(b) * zm) + 2 * are * ABS(t)

' iteration has converged sufficiently If the
' polynomial value 1s less than 20 times this bound
IF dmp <= 20 * ee THEN
nz=2
EXIT SUB
END IF
j=j+1
' stop iteration after 20 steps
IF j > 20 THEN EXIT SUB
IF j >= 2 THEN
IF (relstp > .01 OR dmp < omp OR Ltried) = 0 THEN
' a cluster appears to be stalling the convergence.
' five fixed shift steps are taken with a u,v close
' to the cluster
IF relstp < Eta THEN relstp = Eta
relstp = SQR(relstp)
u=u-u *relstp
V =V + V * relstp
CALL Quadsd(nn, u, v, p(), ap(), a, b)
FORi=1TO5
CALL Calcsc(itype)
CALL Nextk(itype)
NEXT i
Ltried = 1: ' set to TRUE
j=0
END IF
END IF
omp = dmp
' calculate next dk polynomial and new u and v
CALL Calcsc(itype)
CALL Nextk(itype)
CALL Calcsc(itype)
CALL Newest(itype, ui, vi)
"1f vi Is zero the iteration i1s not converging
IF vi = 0 THEN EXIT SUB
relstp = ABS((vi - v) / vi)

u = ui
vV = Vi
GOTO 101

END SUB ' Quadit
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SUB Realit (sss, nz, iflag)

' variable-shift h polynomial iteration for a real zero.
'sss - starting Iterate

'nz - number of zero found

' iflag - flag to indicate a pair of zeros near real axis.

]
' MAIN LOOP
106 pv = p(1)
'evaluate p at s
qp(1) = pv
FORi=2TO nn
pv = pv * s + p(i)
ap(i) = pv
NEXT i
dmp = ABS(pv)
' compute a rigorous bound on the error Iin evaluating p
dms = ABS(s)
ee = (dmre / (are + dmre)) * ABS(qp(1))
FOR i =2TO nn
ee = ee * dms + ABS(qgp(i))
NEXT i
iteration has converged sufficiently If the
polynomial value is less than 20 times this bound
IF dmp <= 20 * ((are + dmre) * ee - dmre * dmp) THEN
nz=1
szr=s
szi=0
EXIT SUB
END IF
j=i+1
stop iteration after 10 steps
IF j > 10 THEN EXIT SUB
IF j >= 2 THEN
IF ABS(t) <= .001 * ABS(s - t) AND dmp > omp THEN
a cluster of zeros near the real axis has been encountered
' return with iflag set to initiate a quadratic iteration
iflag=1
Sss =S
EXIT SUB
END IF
END IF
return If the polynomial value has increased significantly
omp = dmp
compute t, the next polynomial, and the new Iterate
dkv = dk(1)
qk(1) = dkv
FORi=2TOnl
dkv = dkv * s + dk(i)
gk(i) = dkv
NEXT i
IF ABS(dkv) > ABS(dk(n1)) * 10 * Eta THEN
use the scaled form of the recurrence If the value
of dk at s Is nonzero
t = -pv/ dkv
dk(1) = gp(1)
FORi=2TOn1
dk(i) = t * gk(i - 1) + qp(i)

NEXT i
ELSE

' USE UNSCALED FORM
dk(1) = 0

FORi=2TO nl
dk(i) = qk(i - 1)
NEXT i
END IF

dkv = dk(1)
FORi=2TOnl
dkv = dkv * s + dk(i)
NEXT i

t=0

IF ABS(dkv) > ABS(dk(n1)) * 10 * Eta THEN t = -pv / dkv

s=s+t

GOTO 106

END SUB ' Realit
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SUB Calcsc (itype)
' this routine calculates scalar quantities used to
' compute the next dk polynomial and new estimates of
' the quadratic coefficients.
' itype - integer variable set here indicating how the
' calculations are normalized to avoid overflow
' synthetic divisin of dk by the quadratic 1,u,v
CALL Quadsd(n1i, u, v, dk(), gk(), c, d)
IF ABS(c) <= ABS(dk(n1)) * 100 * Eta THEN
IF ABS(d) <= ABS(dk(n1 - 1)) * 100 * Eta THEN
itype = 3
' itype=3 indicates the quadratic is almost a factor of dk
EXIT SUB
END IF
END IF
IF ABS(d) >= ABS(c) THEN
itype = 2
' itype=2 indicates that all formulas are divided by d
e=a/d
f=c/d
g=u*b
h=v*b
a3=(a+g)*e+h*(b/d)
al=b*f-a
a7=(f+u)*a+h
EXIT SUB
END IF
itype = 1
' itype=1 indicates that all formulas are divided by c
e=a/c
f=d/c
g=u*e
h=v*b
a3=a*e+(h/c+g)*b
al=b-a*(d/c)
aZ7=a+g*d+h*f

END SUB ' Calcsc

SUB Nextk (itype)
' computes the next dk polynomials using scalars
' computed In calcsc
IF itype <> 3 THEN
temp = a
IF itype = 1 THEN temp = b
IF ABS(al) <= ABS(temp) * Eta * 10 THEN
"1f al I1s nearly zero then use a special form of the recurrence
dk(1) =0
dk(2) = -a7 * qp(1)
FORi=3TOnl1
dk(i) =a3 *qgk(i-2)-a7 *qgp(i-1)
NEXT i
EXIT SUB
END IF
' use scaled form of the recurrence
a7 =a7/al
a3 =a3/al
dk(1) = gp(1)
dk(2) = gp(2) - a7 * gqp(1)
FORi=3TOnl
dk(i) = a3 * gk(i - 2) - a7 * gp(i - 1) + gp(i)
NEXT i
EXIT SUB
END IF
' use unscaled form of the recurrence If itype i1s 3
dk(1) =0
dk(2) =0
FORi=3TOnl
dk(i) = gk(i - 2)
NEXT i

END SUB ' Nextk
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SUB Newest (itype, uu, vv)
' compute new estimates of the quadratic coefficients
' using the scalars computed In calcsc.
' USE FORMULAS APPROPRIATE TO SETTING OF iType.
IF itype <> 3 THEN
IF itype <> 2 THEN
ad=a+u*b+h*f
aS5=c+ (u+v*f)*xd
ELSE
a4 =(a+qg)*f+h
a5=(f+u)*c+v*d
END IF
' evaluate new quadratic coefficients.
bl = -dk(n1) / p(nn)
b2 = -(dk(n1 - 1) + bl * p(n1)) / p(nn)
cl=v*b2*al
c2 =bl * a7
c3 =bl *bl *a3
c4=cl-c2-c3
temp =a5 + bl *a4 -c4
IF temp <> 0 THEN
uu=u-(u*(c3+c2)+v*(bl*al+b2*a7))/temp
w =V * (1 + c4 /temp)
EXIT SUB
END IF
END IF
If itype=3 the quadratic 1s zeroed
uu =20
v =0

END SUB ' Newest

SUB Quadsd (nn, u, v, p(), 9(), a, b)

' divides p by the quadratic 1,u,v placing the
' quotient In g and the remainder in a,b

FOR i =3 TO nn
cc=p(i)-u*a-v*b
q(i) = cc

b=a

a=cc

NEXT i

END SUB 'Quadsd

SUB Quad (a, b1l, ¢, sr, si, dLr, dLi)
' calculate the zeros of the quadratic a*z**2+b1*z+c=0.
' the quadratic formula, modified to avoid
' overflow, I1s used to find the larger zero If the
' zeros are real and both zeros are complex.
' the smaller real zero Is found directly from the
' product of the zeros c/a.
IF a <> 0 THEN GOTO 200
sr=0
IFbl <> 0THEN sr = -c/ b1l
dLr =0
100 si=0
dLi=0
EXIT SUB

200 IFc =0 THEN
sr=0
dLr =-b1/a
GOTO 100
END IF
' compute discriminant avoiding overflow
bb=bl/2
IF ABS(bb) >= ABS(c) THEN
ee =1-(a/bb)* (c/bb)
dd = SQR(ABS(ee)) * ABS(bb)
ELSE
ee=a
IFc<OTHEN ee = -a
ee = bb * (bb / ABS(c)) - ee
dd = SQR(ABS(ee)) * SQR(ABS(c))
END IF
IF ee >= 0 THEN
' REAL ZEROS
IF bb >= 0 THEN dd = -dd
dLr = (-bb + dd) / a
sr=20
IF dLr <> O THEN sr = (c/ dLr) / a
GOTO 100
END IF
' complex conjugate zeros
sr=-bb/a
dLr = sr
si = ABS(dd / a)
dLi = -si

END SUB 'Quad
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Karsilastirma

Polinom kdéklerini bulan JenkinsTraub, Bairstow, NewtonRaphson ve Muller programlari
asagdida verilen 6zel polinomlar igin karsilastirilacaktir:

LX) =(x=1)7 =x" = 7x® +21x° - 35x* +35x> - 21x? + 7x —1
4 + 99996x> - 999939999999999x + 49996« - 99990

3.F(x) = (x + 000 (x - 000 (x + 1)(x - 1)(x +1000(x - 1000 = x® ~100000100000%* +100000100000%? -1

4.F(X)=(x-1+2)*(x-1-2)% =x* —4x® +14x* - 20x + 25
5.f(x)=x*-1

2.£(x) = (x-10)* (x - 9999 = x° - 49.998999999999%K

Bu polinomlarin her birinin farkh ozellikleri vardir:

1.polinomun tim kokleri gakismaktadir: X ;5,567 =1
2.polinomun gakisan ve birbirine gok yakin kékleri vardir: x,,,, =10, X; = 9999

3.polinomun kokleri mutlak dederce c¢akismakta, ¢ok klicik ve ¢ok buyuk kokler
icermektedir: x,, =+0001, X;, =+1, X5 =+1000

4.polinomun tum kokleri sanaldir ve gakismaktadir: x,,,, =1F 2i
5.polinomun derecesi cok ylksektir, sadece iki gergek koku vardir: x,, =1, digerleri sanaldir.

Karsilastirmanin amaci, bu gok 6zel durumlarda programlarin basarili olup olmadigini ortaya
koymaktir.

LT (X)=(x-1)" =x" -7x® +21x* —35x" +35x°> - 21x* + 7x—1 icin programlarin sonuglari:

e CANAMNAL E\Basic\QBasic EXE e CANANAL IZ\Basic\QBasic EXE
Hata: 2 . Kok bulunamadi {Bairstow>

Polinomun buluwnabilen kiklerid(JenkinsTrauh):
Kok Mo: Gergek kizaim: Sanal kizim:
1

. 9999999299998684
1.068006080006083 26
- 9999999999971
1.AABAABAARRAAAS
.099999224A18715
1.008060807598134

Polinomun kikleri(NewtonRapson): inomun bulunabilen kikleri{Muller>:

x

Gergek kisim Sanal kisaim .9957985086 633005
1.A8382261811922 4.1593451518599D-83 1.008219234834@73
1.A0382261811922 .159345151@85929D-83 .99822A311652988
.298943874AAR254 -472671585251 32D-A5 .999391189518195
-998943874000A254 -479671508525139D-85 .999822649027069
.992205424061517 1.000085889255831
1.81880656895581 -86646706327328D-86 -939780183515371
1.016888656895581 .B6646706327328D-B6

Yorum: En basarili: JenkinsTraub, en basarisiz: Bairstow

2.f(x) =(x-10)*(x - 9999 = x° — 49.998999999999%K" + 99996x> — 999939999999999x* + 49996« — 99990
igin programlarin sonuglari:

e CANANAL LA Basic\VQBasic EXE

Polinomun bulunahbhilen kikleri{JenkinsTrauhl: Hata: 2 . Kok bulunamadi <{Bairstow
Kik Mo: Gercek kisim: Sanal kisim:
i 9.99979983347863 5]
9.99979985187131 5]
18.8001918867827 2.42P66623082424D-84
18.8001918867827 —2.42066623002424D-84
2.99981654188459 5]

ler bulunamadi{MewtonRaphson2

Yorum: En basarili: JenkinsTraub, en basarisiz: Bairstow ve NewtonRaphson
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3.f(x) = (x+ 000D (x— 000D (x+1)(x—1)(x+1000Q(x—1000 = x* —100000100000%* +100000100000k* —
igin programlarin sonuglarl

Polinomun bulunabilen kikleri{JenkinsTrauhd: Polinomun kikleri{Bairstow):
Kik Mo: Gercek kizim: Sanal kisim: Gergek kisim Scanal kisim
—.801 a —1808
-981 1884
.7999999929999994 -1 . ARARARBEAREAS
:1 1 .A80ABABAARAAS
18808
10988 —-gg}

e CANANAL IZ\Basic\QBasic EXE

Polinomun kikleri{NewtonRapson>: io]]‘Jnonun bulunabilen koklerl(l"lullgr);
1) no

Gercek kisim Sanal kisim i 1.A0ARARE4749745D-03

-1 .000800084749 745D-83

1
—-1888

2
3
4
5
6 1800

5]
a
5]
5]
5]

Yorum: En basarili: hepsi de basarili, NewtonRaphson ve JenkinsTraub daha dogru.

4.F(X) = (x-1+2)*(x-1- 2|) =x*—4x3 +14x? - 20x + 25 icin programlarin sonuglari:

e CANANAL I\Basic\QBasic EXE e CANANALIZ\Basic\QBasic EXE

Polinomun bulunabilen kikleri{JenkinsTraubd: Polinomun kikleri{Bairstouw>:

Kik Mo: Gercek kisim: Sanal kisim: Kok no Gercek kisam Sanal kisim
.999999999999999 2 1. BBBEBBBEBZ?SG? —2 .9A0PPARA282393
.999999999999999 -2 2 1.AAAAAAAAAZ2 7569 2 .A9RRPPRA282393

2 3 .999999999893047 -1.9999999985939
-2 4 .999999999893047 1.9999999985939

ler bulunamadi{NewtonRaphsonl> bulunamadi{Muller>

Yorum: En basarili: JenkinsTraub ve Bairstow, en basarisiz: NewtonRaphson. Muller zaten sanal kék bulmaz.

5.f (X) = x*° -1 icin programlarin sonuglari:

Edit Uiew Search Run Debug Calls Utilitg Oﬂtiuns

BAIRSTOW.BAS:Bairstow

Overflow

3 T0 n3 < Hey 2

a¢iy ¢ * hi

&+ C:ANANALIZ\Basic\QBasic. EXE
i Edit Uiew Search Run Debug Calls
HEWRAP . BAS : HewtonRaph:

v

=

Rl === == - =]

=
B
B
3 b
0 arC _: £3E Ouerf low
1 112 B vt
H i gk T W 58 Gofd 11
u =
3 [ 3 62D SRR o O < Moty »
B 5 B (2D BIGIGIGIGIGIE 1615]5 =
951A5651629 19816994374968 = CANANAL IA\Basic\QBasic EXE
0 ch D 0 . 3 ok Polinomun bulunabhilen kikleri(Muller)>:
B16IGIEIRIGIEIGIGIEIEIE1E b Kok no ) ECxy
: 951856516295166 A9016994374989 1 1 a
g 951@56516295166 A9A16979 2 -1 a
i AARARRARRAREA i 3 A o

Yorum: En basarili: JenkinsTraub. Bairstow ve NewtonRaphson basarisiz(sayi tasmasi sonucu program kiriliyor).
Sadece gergek kok bulan Muller de basarili fakat polinomun sadece iki gergek kokl varken, g kok buluyor.

Sonug olarak, JenkinsTraub en basarili programdir. Konuya yonelik kaynaklarda da bu goris hakimdir, en
hassas ve en hizli metod olarak dederlendirmektedir. Ancak, program cok fazla ve karmasik kod icermektedir.
Program kaynaklarda RPOLY olarak anilmaktadir.

Jenkins-Traub metodunun ayrica sanal katsayili polinomlar igin CPOLY adli bir bagka bir programi daha vardir.
Her iki programin FORTRAN ve C kodlari internette bulunabilir.

RPOLY FORTRAN kodu:
http://www.netlib.org/toms/493
http://people.sc.fsu.edu/~jburkardt/f77 src/toms493/toms493.f

CPOLY FORTRAN kodu:
http://www.netlib.org/toms/419
http://people.sc.fsu.edu/~jburkardt/f77 src/toms419/toms419.f

RPOLY C++ kodu: http://www.akiti.ca/rpoly akl cpp.html
CPOLY C kodu: http://svn.r-project.org/R/trunk/src/appl/cpoly.c
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